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Invasion of malignant glioma is a highly complex phenomenon involving molecular and cellular
processes at various spatio-temporal scales, whose precise interplay is still not fully understood. In
order to identify the intrinsic cellular mechanisms of glioma invasion, we study an in vitro culture of
glioma cells. By means of a computational approach, based on a cellular automaton model, we compare
simulation results to the experimental data and deduce cellular mechanisms from microscopic
and macroscopic observables (experimental data). For the first time, it is shown that the migration/
proliferation dichotomy plays a central role in the invasion of glioma cells. Interestingly, we conclude
that a diverging invasive zone is a consequence of this dichotomy. Additionally, we observe that radial
persistence of glioma cells in the vicinity of dense areas accelerates the invasion process. We argue that
this persistence results from a cell-cell repulsion mechanism. If glioma cell behavior is regulated
through a migration/proliferation dichotomy and a self-repellent mechanism, our simulations faithfully
reproduce all the experimental observations.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
More than 120 different tumor types can be found in the human
brain, with the most common primary ones being gliomas. The
most malignant glioma is glioblastoma multiforme (abbreviated as
GBM), which is the focus of this study. Gliomas originate from
either glial cells or their precursors and account for 30–40% of all
intracranial neoplasms (Russell and Rubinstein, 1998; Zülch, 1986).
The World Health Organisation (WHO) distinguishes four grades
(I–IV) of malignancy (Kleihues and Cavenee, 2004). GBM WHO
grade IV is the most frequent glioma subtype. Many WHO grade II
or III gliomas finally become GBMs through a process termed
malignant progression. One crucial feature of GBMs is their
invasive behavior. In particular, in vivo GBMs grow as threedimensional, irregular patterns and infiltrate the surrounding brain
tissue (Giese et al., 1996a; Scherer, 1940; Silbergeld and Chicoine,
1997). These tumors frequently seem to grow along the fibres of
the white matter (Giese et al., 1996b; Matsukado et al., 1961;
Scherer, 1938) and appear to follow physical structures in the
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extracellular matrix of the surrounding brain (Mikkelsen et al.,
1998). Moreover, during the development of the disease, multifocal
growth is sometimes observed. Typically, in vivo gliomas consist of
a core mass and a multitude of single, invasive cells, decreasing in
numbers towards the periphery. This defines two regions, the core
of the tumor and its infiltrative zone (also defined as the invasive
rim). Experimental evidence suggests that the invasive cells are
of a different phenotype from the core cells and have different
motility and proliferation rates (Giese et al., 1996a, 2003).
Glioma invasion has been studied by means of in vitro cell
cultures. However, in vivo and in vitro observations of glioma
invasion differ in many ways. For example, GBM is clinically
characterized by the presence of necrotic tissue that is usually not
observed in vitro. Another major pathophysiologic characteristic
of malignant gliomas is their ability to induce a strong angiogenic
response leading to the formation of a new vascular network
(GBMs are the most vascularized tumors in humans, Maher et al.,
2001). Furthermore, the influence of the microenvironment (e.g.,
the extracellular matrix (ECM) and the fiber tracts) on the
invasive behavior of glioma constitutes another major difference
between in vivo and in vitro glioma growth. Despite the aforementioned differences between in vivo and in vitro gliomas,
analyzing the behavior of cell cultures is a first step towards
understanding tumor cell behavior.
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We focus our study on experimental data obtained by Stein
et al. (2007a,b,2008) which will be further detailed in ‘‘The
experimental data’’. We study the spatio-temporal evolution of
spheroids of U87 cells (Stein et al., 2007a) that overexpress the
EGFR (epidermal growth factor receptor) gene associated with
high invasiveness. The same genetic aberration occurs in 40–60%
of in vivo tumors, which has been related to high malignancy and
poor prognosis for glioblastoma patients (Feldkamp et al., 1999).
Chicoine and Silbergeld (1995) showed that increased malignancy
in vivo is typically associated with increased motility in vitro.
Therefore, the high invasiveness of U87 cells in spheroid experiments can be extremely instructive for the understanding of
in vivo invasion and the progression to malignancy. Stein et al.
(2007a) attempted to explain in vitro observations by means of
mathematical modeling. In particular, they were interested in the
reproduction of the different dynamics of the core (experimentally observed as a spheroid) and the invasive rim, respectively.
The authors claim that a single-population model (see, for
example, the model by Swanson et al., 2003) is insufficient to
capture these two dynamics because they exhibit different proliferative and dispersive behaviors. Instead, they predetermined
the core dynamics as a sphere increasing in radius at a given
constant rate and releasing invasive cells at a fixed rate through
its surface. The modeling of the invasive cell dynamics is achieved
by a reaction–advection–diffusion equation for the cell density.
The model parameters were then optimized to quantitatively fit
the experimental data. One first limitation to this model is its
restriction of the invasive rim dynamics, since the core dynamics
is predetermined from the experimental data. A second limitation
lies in the phenomenological (macroscopic) description of the
invasive phenomena, which cannot be adapted to describe processes occurring at the cell (microscopic) scale.
Other mathematical models of GBM have been proposed in the
literature. All major studies relevant to glioma modeling published before 2005 have been reviewed in Hatzikirou et al. (2005).
More recently, Khain et al. (2005) investigated two different
mechanisms of cell invasion, diffusion and chemotaxis of tumor
cells, in the context of front instabilities observed experimentally.
Aubert et al. (2006) were interested in the migration of glioma
cells deposited on a substrate of collagen. Using a cellular
automaton model, they found a significant influence of cell–cell
attraction on the invasive dynamics. Frieboes et al. (2007)
proposed a three-dimensional computational model to describe
the diffusion of cell substrates and other processes determining
glioma growth and morphology. They showed a correlation
between glioma morphology and growth by quantifying the
dependence of the tumor mass on the microenvironment (e.g.,
hypoxia) and on the cellular phenotypes (e.g., differing in mitotic
and apoptotic rates, cell adhesion strength). Hogea et al. (2008)
focused on the mechanical impact of glioma growth on the
surrounding brain tissue and derived a model of the spatiotemporal tumor evolution based on image analysis. Rubenstein
and Kaufman (2008) employed a cellular Potts model to analyze
the relative importance of cell–cell and cell–extracellular matrix
interactions based on the differential adhesion hypothesis.
Finally, Tanaka et al. (2009) developed a hybrid compartmentcontinuum-discrete mathematical model with the aim to study
glioma progression.
The aim of our study is to unravel intrinsic glioma cell
mechanisms. By intrinsic, we refer to tumor cell mechanisms or
cell–cell interactions, in contrast to extrinsic mechanisms that
would depend on interactions with the microenvironment (e.g.,
ECM or other microenvironmental cues). Importantly, in this
study, we refer to the term ‘‘mechanism’’ as a generic trigger of
cell behavior, which clearly results from intracellular molecular
mechanisms, such as signaling pathways, for which we do not

provide details. We are especially interested in testing the ‘‘Go or
Grow’’ (GoG) hypothesis in glioma development, i.e., what is the
effect of the inverse correlation between proliferative and migratory phenotypes on glioma growth and invasion dynamics (Giese
et al., 1996a, 2003). Therefore, we develop an identification
process of cellular (microscopic) mechanisms from experimental
data (which are presented in detail in ‘‘The experimental data’’).
We design a computational algorithm to identify a set of cellular
mechanisms leading to the experimental observations. Based on
the assumption of different migratory and proliferative phenotypes, we develop a two cell-population model of glioma invasion.
Note that similar two cell-population models have also been
formulated in the context of reaction-diffusion models, e.g., by
generically considering motile and stationary states (Lewis and
Schmitz, 1996; Hadeler et al., 2009) or being directly applied to
modeling tumor invasion (Fedotov and Iomin, 2007; Pham et al.,
in press). We will use our model to probe different combinations
of cellular mechanisms and observe the resulting macroscopic
behavior. To this end, we choose the framework of cellular
automaton (CA) models that allows for the description of
mechanisms at the microscopic – cellular – level.
CA models allow a physically realistic, stochastic approach for
modeling complex systems at the cellular level (Boccara, 2004). A
detailed review of cellular automaton models of tumor invasion is
presented in Hatzikirou and Deutsch (2009). Here, we use a
particular class of CA, the so-called lattice-gas cellular automata
(LGCA). LGCA were originally developed for physical applications
in fluid dynamics (Chopard and Droz, 1998; Frisch et al., 1987).
They provide a natural mathematical framework for modeling the
spatio-temporal evolution of interacting cell populations
(Deutsch and Dormann, 2005) and allow, in particular, for a
straightforward and intuitive implementation of cell migration
and cell interactions. More recently, LGCA have been used to
study tumor growth (see Dormann and Deutsch, 2002 for example), cell motion under the influence of ECM (Hatzikirou and
Deutsch, 2008) and the investigation of brain tumor invasive
patterns (Wurzel et al., 2005).
In the next section, we introduce the strategy that we use to
develop our identification algorithm. Subsequently, we define our
cellular automaton model and introduce a basic set of glioma cell
mechanisms which is used as an ansatz for our identification
method. Then we modify our initial combination of mechanisms
in a stepwise manner, which gradually leads to the quantitative
reproduction of the experimental data. Furthermore, we confirm
the biological relevance of the identified mechanisms through
comparison of predictions from our model with additional experimental data that we do not use for mechanism investigation.
Finally, we critically discuss our results and propose future
directions of research.

2. Materials and methods
2.1. Solution strategy
From an abstract point of view, a tumor can be viewed as a
multicellular system with tumor cells being considered as microscopic components of this system. Then, a set of cell interactions
leads to a specific macroscopic – at the cell-population level –
behavior of the system. However, more than one combination of
these mechanisms may reproduce a specific macroscopic behavior. The question that arises is how to identify one particular
combination. In other disciplines, such as physics, similar problems have been tackled by the introduction of additional criteria,
such as entropy in the context of equilibrium systems. An
alternative approach is required in order to identify biologically
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relevant cell mechanisms from macroscopic data. We present
below our computational approach and explain our alternative to
select biologically relevant cell mechanisms.

2.1.1. Our approach
Our solution strategy involves the four following steps: (i) data
processing, (ii) selection of candidate cellular mechanisms for glioma
tumor invasion, (iii) derivation of the mathematical model and
(iv) identification of intrinsic mechanisms of glioma tumor invasion.
The first step (i) is related to the extraction of observables (i.e.,
measurable quantities) from experimental data of an in vitro
glioma cell culture. Here, we use data obtained by Stein et al.
(2007a). The main features of the corresponding experiment are
described in ‘‘The experimental data’’, where we present the
observables that result from the data processing performed by
the authors, assuming their accuracy.
The second step (ii) is the selection of biologically relevant
cellular mechanisms involved in glioma invasion. We use results
provided by previous in vivo or in vitro studies and investigate
the influence of cellular mechanisms that have been suggested in
the literature to play a major role in glioma invasion, to build up
the corresponding set of mechanisms.
The third step (iii) is the derivation of our mathematical model
that describes the spatio-temporal evolution of glioma invasion.
The assumptions of our model are based on the combinations of
glioma cell invasion mechanisms according to step (ii).
In the last step (iv) we propose a computational algorithm that
will, in an iterative manner, provide a solution to our problem, i.e.,
suggest a relevant combination of mechanisms. At each iteration,
we evaluate the relevance of the candidate combination of
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cellular mechanisms with respect to the given experimental data.
To this end, we compare the observables derived from the model
simulations to the experimental ones. The degree of similarity of
these observables (based on a chi-square estimator) will determine the relevance of the mechanism combination. In the case of
unsatisfactory comparison results, we modify the combination of
cell mechanisms and repeat the process until we are able to fully
reproduce the experimental observables. By means of our computational algorithm, we identify cellular mechanisms and suggest that the corresponding combination drives glioma invasion.
Fig. 1 provides an overview of our algorithm.

2.1.2. The experimental data
We briefly outline the experimental setup and the main results
of the experiments performed by Stein et al. (2007a). Glioma
multicellular spheroids, obtained from U87WT glioma cell lines,
were implanted into a collagen gel and cultured for 7 days. The
nutrient level of the culture was kept constant. A digital image of
the spheroid mid-plane was taken daily (Fig. 2). The experiment
was repeated 16 times and the average invasive behavior was
evaluated by means of image processing and analysis.
We focus our study on the isotropic growth illustrated in Fig. 2
and do not consider the case of invasive branches. Then, the invasive
behavior is mainly characterized by the following observables:

! Time evolution of the core radius. The core corresponds to the
!
!

high cell density area located around the center of the
spheroid (central dark area in Fig. 2);
Time evolution of the invasive radius. The invasive rim is defined
as the foremost circular periphery of the spheroid’s core
(sparsely grained annular area in Fig. 2);
Motion properties of individual cells (such as persistency).
Individual cells are tracked and their positions used to determine their trajectories.

The two first observables provide a macroscopic characterization of
glioma invasion, while individual cell trajectories allow for a microscopic description of cell movement. These observables were averaged over the total number of experiments. While the core radius was
manually estimated (Stein et al., 2007a), an intensity gradient-based
method was used by Stein et al. (2007b) to automatically evaluate the
invasive rim. A cell tracking method was adopted to extrapolate cell
paths (Stein et al., 2008). The analysis of the processed data led to the
following observations—that we denote experimental Characteristics:

Fig. 1. Schematic description of our computational algorithm to identify the
biological mechanisms that drive glioma invasion. Experimental observables
coming from the data analysis are compared to the corresponding observables
resulting from the numerical simulations of our models. Each model is based on a
candidate combination of mechanisms that is modified iteratively until the model
provides satisfactory results when evaluated with regard to the experimental
observables.

C1: The invasive and core radii evolve in time with different
speeds (Fig. 3(a)).
C2: Cell motion exhibits a radial persistence close to the core
during the first day of the experiment (Fig. 3(b)). Moreover,
the data indicate an isotropic spheroid growth.
C3: Cells close to the core region possess higher proliferative
activity (evaluated by the expression of the Ki-67 protein
associated with cell proliferation) compared to those at the
invasive edge.

Fig. 2. In vitro glioma tumor invasion. Illustration of spatio-temporal evolution of in vitro glioma tumor invasion from Stein et al. (2007a). The dark central zone defines the
spheroid’s core, while the peripheral sparsely populated annulus corresponds to the invasive rim. Scale bar in the left snapshot is 1 mm.
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Fig. 3. Main features of in vitro experiments of glioma tumor invasion performed by Stein and coworkers. (a) Experimental evidence of characteristic C1 from Stein et al.
(2007a): the core and invasive radii evolve in time with different speeds. (b) Experimental evidence of characteristic C2 from Stein et al. (2008): cell trajectories directed
away from the core, during the first day, exhibit high radially aligned orientation.

These characteristics refer to different spatio-temporal scales.
While characteristic C1 is a macroscopic characterization of the
tumor, C2 corresponds to microscopic single cell behavior. Characteristic C3 is also of microscopic nature, however averaged over
the core and rim domains.
Remark that, even though collagen is known for playing a
role in invasive glioma behavior (Hegedus et al., 2006), the
current data do not suggest any direct influence of the collagen
on tumor expansion, which is consistent with the fact that
collagen properties may have a stronger influence on invasive
patterns than on the invasion speed (Kaufman et al., 2005).
Additionally, since cell apoptosis is sometimes observed in the
experiment, we assume (as in the original study by Stein and
coworkers) that cell death plays a role only in the net balance of
new tumor cells.
In the following, we develop a LGCA model, assuming collagen
to be a passive scaffold for cell migration, to identify cell
mechanisms that are able to reproduce the above experimental
characteristics. We evaluate the numerical observables resulting
from the simulations by methods detailed in Appendix B that are
consistent with those used experimentally. Our analysis is based
on the comparison between these experimental and numerical
observables.
2.2. The cellular automaton model
2.2.1. The LGCA concept
Traditional cellular automaton models (where one node in the
lattice can contain only one individual) have been proven to be
powerful tools to explore the behavior of complex systems
(Boccara, 2004) and, in particular, for the biology of cancer (see
Enderling et al., 2009, for example). In this study, we use a
special type of cellular automata, called lattice-gas cellular automata (LGCA), as an approach rigorously based on statistical
physics principles. The strength of the LGCA model lies in
unraveling the potential effects of movement and interaction of
individuals (e.g., cells) through a straightforward and intuitive
implementation that we describe in Appendix A. Indeed, whereas
traditional CA are well adapted to realistically describe cell
movement, they face limitations when one wants to account
for the influence of macroscopic quantities (e.g., cell density)
that cannot be locally modeled since each node is restricted
to one individual. In contrast, lattice-gas models allow the
presence of several individuals at each node by means of separate

channels for each direction of movement, which enables to locally
define macroscopic quantities such as density and, in the meantime, provides a simple solution to the technical treatment
of collisions (i.e., when two individuals want to move into
the same empty node). The channels specify the direction and
magnitude of movement, which may include zero velocity (resting) states. Additionally, LGCA impose an exclusion principle on
channel occupation, i.e., each channel may at most host one
individual.
The transition rules of a LGCA, that define the automaton
dynamics, can be decomposed into two steps (operators). An
interaction step updates the state of each channel at each lattice
site. For instance, individuals may appear or disappear (cell kinetics,
e.g., proliferation), change their velocity state (movement reorientation) or change their phenotype (phenotypic switch) as long as they
do not violate the exclusion principle. During the propagation step,
individuals move synchronously into the direction and by the
distance specified by their velocity state. We present the formal
definition of our LGCA model in Appendix A.

2.2.2. The ‘‘default’’ LGCA model
Our default model corresponds to the simplest glioma
invasion model. Our motivation lies in the assumption of two
different phenotypes. Consequently, we consider a lattice-gas
cellular automaton to model explicitly two cell populations with
different phenotypes: tumor resting cells (r) and tumor moving
cells (v). These populations reside on two different parallel
lattices (Dab et al., 1991) (Fig. 4). The interaction step of our LGCA
is defined by:
Proliferation: A cell with a proliferative phenotype undergoes
mitosis with probability rM. A mitotic event is allowed only if
there is enough free space in a node.
Motion: Moving cells change their velocity according to given
‘‘migration mechanisms’’ that will be detailed further.
Phenotypic switch: Cells can either rest or move. They change
behavior with probabilities grv associated to the switching from
resting to moving phenotype, and gvr from moving to resting
phenotype, respectively.
Although cell death could easily be accounted for in LGCA
models (as in Hatzikirou et al., 2010), we do not explicitly
implement it but account in our model for death of cells via the
value of the mitotic probability, which represents here the net
effect of balanced birth/death processes (see Appendix A).
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We model the interaction step processes by the following rules
for glioma cell dynamics (summarized as combination | in
Table 1):

Fig. 4. Cellular automaton realization of the two phenotypes. The resting and
moving cell populations reside on two different lattices. Cells can switch between
phenotypes with probabilities grv (from resting to moving) and gvr (from moving
to resting), respectively.

Table 1
Rules for the default ð|Þ LGCA model dynamics.
Dynamics/rules

CA rules |

Proliferation
Motion
Phenotypic switch

Both populations
Random walk
Constant rates
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R1: Both resting and moving cells are allowed to proliferate.
R2: Cells move randomly within the domain.
R3: Cells change phenotype with constant probabilities grv and gvr .
We perform a numerical exploration over the whole range
of values of the parameters rM, gvr and grv to analyze the spatiotemporal evolution resulting from the default configuration
of our LGCA. A typical simulation (using parameter values that
we discuss in Section 3) is depicted in Fig. 5 for illustrative
purposes.
Our parameter space exploration led us to the conclusion that
the default configuration of the LGCA cannot reproduce the
experimental characteristics of growth: the core and invasive
radii always increase with similar speeds (as in Fig. 5(a) and (b)),
which means that characteristic C1 cannot be captured. The
identical expansion speeds of invasive and core radii give rise to
the formation of an invasive rim of time-invariant width controlled by the interplay between the mitosis probability rM and
the motility rate (Hatzikirou and Deutsch, 2009), which depends
on the relative strength of grv and gvr . In Fig. 5(c) we present the
velocity field diagram of the cell motion, which shows the average
cell velocity vectors on each lattice node: all velocity vectors are
obviously null since the random walk dynamics does not account
for any directional persistence. This means that characteristic
C2 is not captured by the model. Finally, Fig. 5(d) provides a
visualization of the spatial tumor cell density distribution, i.e., the
spatial localization of the tumor cells, at time t¼24 h. Our
numerical investigation of the default model shows that additional mechanisms have to be included to capture the growth and
invasion features observed experimentally.

Fig. 5. Numerical results provided by the default model. (a), (b) and (c) are based on an average over 100 simulations performed with fixed parameter values rM ¼ 0.35,
gvr ¼ 0:01 and grv ¼ 0:95. Simulation results (without symbols) are plotted against experimental data (with symbols). (a) Temporal evolution of the core radius (dotted line)
and the invasive radius (solid line). (b) Temporal evolution of the ratio of core to invasive radius. (c) Velocity field diagram at t ¼ 24 h, which represents the flux vectors (i.e.,
the local mean velocity) giving the direction of cell movement; the flux is zero at each node, which corresponds to undirected cell motion (no persistence). The smaller
circle indicates the spheroid’s core, while the larger one shows the boundary of the invasive rim. (d) Visualization of the spatial structure of the tumor at t¼ 24 h resulting
from one stochastic simulation. The image is an enlargement of the tumor area—the size of the domain used for the simulation is much larger to exclude boundary effects.
The levels of gray refer to the number of cells per node.
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3. Results
In what follows, we present the results obtained by our
iterative investigation of cell mechanisms, which is summarized
in Table 2. For each of them, we first provide biological support
and explain how we modify our LGCA model. We investigate the
whole parameter space to understand the effect of each mechanism and describe our observations in the text. Until our final
mechanism combination in Section 3.3, a simple visual inspection
of the best fit was sufficient to conclude the failure of our model
to reproduce all the experimental observations. Therefore, the
best fit obtained by the minimization of a chi-square estimator
(see Appendices B and C) is presented only for the final combination, which provides us with a specific parameter set. In order to
allow the reader to compare the effect of each mechanism, we use
these parameter values for all the simulations.
3.1. Combination I: Go or Grow mechanism
Experimental studies of invasive glioma cell lines (Giese et al.,
2003) indicate a relationship between migratory and proliferative
cell behaviors. In particular, it has been shown that there is an
inverse correlation of cell motility and proliferation: highly motile
glioma cells tend to have lower proliferation rates than the less
migratory glioma cells (Giese et al., 1996b). This phenomenon is
known as the migration/proliferation dichotomy (Giese et al.,
1996a), which suggests that cell motion and proliferation are
mutually exclusive processes, a concept also referred to as the Go
or Grow (GoG) hypothesis. Migratory and proliferative processes
may share common signaling pathways, defining a unique intracellular mechanism that regulates both behaviors (Giese et al.,
2003), a hypothesis also supported by a recent study (Godlewski
et al., 2010) where, based on different glioma cell lines, the
authors confirmed the existence of a single microRNA that
controls glioma cell migration and proliferation. Since the Go or
Grow mechanism seems not to be shared by all types of primary
brain tumors (Corcoran and Maestro, 2003), we test its relevance
and impact specifically in the context of glioma.

3.1.2. Observations and analysis
We observe behaviors similar to the default model for some
parameter ranges: the core and the invasive radii increase with the
same expansion speeds after a short transient. However, for sufficiently small mitotic probabilities rM and for gvr 5 grv (Fig. 6), the GoG
mechanism generates different expansion speeds of the core and
invasive radii. This is illustrated in Fig. 7(a) and (b): the invasive rim
grows faster than the spheroid’s core, which results in a temporal
increase of the invasive rim width. When no proliferation occurs
(rM ¼0) all cells migrate without undergoing mitosis, which results in
the complete loss of the core structure. A more quantitative analysis
of the influence of the parameters on the expansion speeds is of great
interest and currently under development. However, for our purpose,
our numerical investigation is sufficient to conclude that the domain
of the parameter space that leads to the behavior of interest is the
part illustrated by the red spheres in Fig. 6.
The question that arises is why the GoG mechanism exhibits
this effect. When we compare Fig. 7(a) to Fig. 5(a), respectively,
and Fig. 7(c) to Fig. 5(c) (for which simulations have been
performed with the same parameter values), it becomes evident
that the first impact of the GoG mechanism on the dynamics is a
decreased total number of cells. This is due to the fact that only a
subset of the cell population (the resting cells) can undergo
mitosis and is reflected in smaller invasive and core radii. The
different expansion speeds for the two radii actually result from a
lower expansion speed of the core. Since the core is an area of
high cell density, proliferation is prohibited due to the lack of free
space. Then when moving cells regulated by the GoG mechanism
escape from the core, they do not have the ability to produce new
cells in the rim, which results in its lower expansion speed.
3.1.3. Conclusions on the Go or Grow mechanism
The implementation of the GoG mechanism in our LGCA model
forces a subset of the tumor cells to be in a resting phase. Via
this process, we were capable of reproducing different expansion

3.1.1. LGCA rule modification
We modify rule R1 (which is associated with the proliferation
dynamics of our LGCA) used for the default model. Our modeling
of the GoG mechanism implies that only resting cells have
the ability to undergo mitosis (see Table 2), which occurs with
probability rM.

Table 2
Modifications of the LGCA rules for each cell mechanism combination. Starting
from the ‘‘default’’ model with rules summarized in Table 1, we successively
include cell mechanisms by changing proliferation, motion, and phenotypic switch
rules of our LGCA model to form mechanism combinations that we investigate
numerically. Column ‘‘CA rule I’’ corresponds to the inclusion of the GoG
mechanism into the default model, where the proliferation rule is changed by
providing only resting cells with proliferative ability (as emphasized in bold).
Column ‘‘CA rule II’’ shows the next mechanism combination where the GoG
proliferation rule is maintained (as emphasized in italic) while the repulsive
reorientation rule replaces random migration. Column ‘‘CA rule III’’ describes the
rules of our final cell-mechanism combination.
Dynamics/rules

CA rules I

CA rules II

CA rules III (Final)

Proliferation
Motion
Phenotypic switch
Corresponding
simulations

Resting
Random walk
Constant rates
Fig. 7

Resting
Repulsion
Constant rates
Fig. 8

Resting
Repulsion
Density-dependent
Fig. 10

Fig. 6. Influence of the GoG mechanism on the core and invasive radii expansion.
The parameter space associated with the GoG mechanism is defined by gvr A ½0,1&
(the probability to switch from the moving to the resting lattice), grv A ½0,1& (the
probability to switch from the resting to the moving lattice) and rM A ½0,1& (the
probability of mitosis). By means of numerical simulations of our LGCA model, we
explore this space to analyze the influence of the GoG mechanism on the temporal
evolution of the core and invasive radii. Only certain ranges of the parameter
values allow different radius expansion speeds. The red spheres correspond to
parameter values leading to different expansions. The empty space (illustrated by
one dot-line sphere) corresponds to similar expansions. The bottom layer of blue
spheres represents the particular configuration without proliferation (rM ¼ 0)
where the structure of the core is lost. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Numerical results provided by the GoG model. (a), (b) and (c) are based on an average over 100 simulations performed with fixed parameter values rM ¼ 0.35,
gvr ¼ 0:01 and grv ¼ 0:95. Simulation results (without symbols) are plotted against experimental data (with symbols). (a) Temporal evolution of the core radius (dotted line)
and the invasive radius (solid line). (b) Temporal evolution of the ratio of core to invasive radius. (c) Velocity field diagram at t ¼ 24 h, which represents the flux vectors (i.e.,
the local mean velocity) giving the direction of cell movement; the flux is zero at each node, which corresponds to undirected cell motion (no persistence). The smaller
circle indicates the spheroid’s core, while the larger one shows the boundary of the invasive rim. (d) Visualization of the spatial structure of the tumor at t¼ 24 h resulting
from one stochastic simulation. The image is an enlargement of the tumor area—the size of the domain used for the simulation is much larger to exclude boundary effects.
The levels of gray refer to the number of cells per node.

speeds of the core and invasive radii (i.e., macroscopic experimental characteristic C1). However, the current combination of
mechanisms still does not account for experimentally observed
radially persistent motion (i.e., microscopic experimental characteristic C2).
3.2. Combination II: cell–cell repulsion
In Stein et al. (2007a) the authors state that the biological
mechanism used by cells to actively migrate away from the spheroid
is not known. Directional persistence may be due to external factors
such as (positive) chemotaxis towards rich nutrient areas in the
environment, or as an effect of the remodeling of the collagen gel as
the cells move. ECM components (e.g., laminin) also appear to
stimulate radial migration from glioma spheroids (Demuth and
Berens, 2004). Alternatively, persistence can be regarded as the result
of a self-regulated mechanism for the cells to move faster away from
the center of the spheroid where, presumably, waste products leading
to chemo-repulsion (negative chemotaxis) are produced. Since the
in vitro situation we are interested in does not support such
mechanisms, we suggest that radial persistence may result from a
cell–cell repellent mechanism.
It was indeed demonstrated that glioma tumor cells possess a
self-repellent-like behavior, meaning that glioma cells tend to
escape from high cell density regions. Werbowetski et al. (2004)
suggested that this repellent behavior occurs as a response of
glioma cells to the gradient of a self-secreted diffusible factor that
promotes glioma cell invasion (i.e., via a paracrine signaling
pathway). Eckerich et al. (2005) suggested that the over-expression of a specific protein (contactin) may be responsible for

glioma cell repulsion (via juxtacrine stimulation). As already
stated above, another way to understand the repulsive mechanism is to view it as ‘‘negative attraction/chemoattraction’’ associated with external factors. For instance, we may regard our
modeling of cell repulsion as modeling cells following nutrient
gradients under the assumption that free space is proportional to
nutrient availability (i.e., cells tend to move to less densely
populated areas where nutrients are abundant).
3.2.1. LGCA rule modification
We substitute rule R2, previously used to model random cell
motion, by a rule that accounts for the cell–cell repulsion mechanism
(see Table 2). Through this mechanism, cells sense the presence of
surrounding cells and react accordingly by escaping densely populated areas. This may result from the sensing of chemicals like
contactin or other external factors that drive tumor cells towards
the direction of the least density areas. Accordingly, we define a
new rule for motion that attributes to each direction of movement
(i.e., velocity channel) probabilities that depend on the neighborhood
density. The comparison of the local to neighborhood densities
defines a density gradient field, which indicates the highest density
directions. Then our ‘‘repulsive reorientation rule’’ influences the
redistribution of cells in the velocity channels by forcing one cell to
move into the opposite direction of the local density gradient. We
present the technical implementation of this rule in Appendix A.
3.2.2. Observations and analysis
The repulsive reorientation rule affects the tumor dynamics in
two manners, and this, for any values of the model parameters
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(including those associated with the repulsion mechanism). First,
the invasive radius expands faster compared to the case of
random reorientation, while a significant decrease of the core
growth is observed. This behavior is illustrated by the simulation
in Fig. 8(a) performed with the same parameter values as in Fig. 7
for visual comparison. Second, cells in the periphery of the
spheroid’s core perform radially persistent motion, which is
represented by the velocity field diagram in Fig. 8(c). This
persistence is strong close to the spheroid’s core and decreases
radially throughout the invasive rim. Additionally, this process is
prominent during the first days (first time steps of the simulations), which is consistent with the observations reported by Stein
et al. (2007a).
The question that arises is how to understand that the
repulsive mechanism promotes radial persistence of cells around
the core, while simultaneously increasing the expansion of the
invasive rim. The core is a densely populated region while the
periphery is sparsely populated. This creates a difference (gradient) in terms of cell density. Therefore, when cells initially
residing at the core edge start moving, they migrate radially
away from the core due to migration regulated by the repulsive
mechanism. This leads to radial persistence close to the core’s
edge. However, when these cells are far enough from the core and
reach sparsely populated regions, cell density gradients become
less significant and are not sensed by the cells anymore. If located
in a region distant enough from the core, persistent motion
disappears and cells start performing ‘‘quasi’’ random motion.

3.2.3. Conclusions on the cell–cell repulsion mechanism
The self-repulsion induces a persistent motion of radially
migrating cells away from the core. The main effect is visible at
the boundary of the core, for early stages of invasion. This
observation coincides with characteristic C2 of the experimental
data. Note that the influence of high cell densities for an effective
directional migration has already been observed in another
context in Rovasio et al. (1983), which is well in accordance with
the results of our simulations. Consequently, persistent cell
motion induces a faster expansion of the invasive rim compared
to the non-oriented motion case (random cell movement). Combined with the GoG mechanism and the relevant ranges of
parameters rM, gvr and grv represented by the red spheres in
Fig. 6, our model provides a qualitative reproduction of both
macroscopic characteristic C1 and microscopic characteristic C2. If
we neglect the GoG mechanism, persistence still occurs, but the
core and invasive radii expand in a similar manner. Therefore, we
claim that the cell–cell repulsion mechanism cannot reproduce
characteristic C1 by itself, even if it affects the expansion
dynamics. The conclusion of this study is that, even if we were
able to observe different expansion speeds of the invasive and
core radii, the numerical values do not match the experimental
ones. This is due to the fact that the core tends to shrink strongly,
as an effect of the repulsive mechanism, a trend that is not
observed experimentally. We show in the next section that this
trend can be counter-balanced when combined with densityregulated Go or Grow.

Fig. 8. Numerical results provided by mechanism combination II (GoG and cell–cell repulsion). (a), (b) and (c) are based on an average over 100 simulations performed
with fixed parameter values rM ¼ 0.35, gvr ¼ 0:01 and grv ¼ 0:95. Additionally, the strength of the repulsion mechanism is modeled through a parameter a, as detailed in
Appendix A, and the presented numerical simulations correspond to a ¼ 2. Simulation results (without symbols) are plotted against experimental data (with symbols).
(a) Temporal evolution of the core radius (dotted line) and the invasive radius (solid line). (b) Temporal evolution of the ratio of core to invasive radius. (c) Velocity field
diagram at t ¼ 24 h, which represents the flux vectors (i.e., the local mean velocity) indicating the direction of cell movement; the flux is zero at each node inside the
spheroid’s core represented by the smaller circle. Within the invasive rim, whose external boundary is the larger circle, the flux is non-zero. The flux direction is depicted
by arrows, whose lengths represent the flux intensity. The inner lines are high intensity contour levels, while the outer lines correspond to low intensity contour levels,
showing that oriented motion is much stronger close to the core and radially decreasing. Arrows are mainly radially oriented, which indicates radial persistence, as
emphasized in the enlargement (inlet-figure at the top right corner). (d) Visualization of the spatial structure of the tumor at t¼ 24 h resulting from one stochastic
simulation. The image is an enlargement of the tumor area—the size of the domain used for the simulation is much larger to exclude boundary effects. The levels of gray
refer to the number of cells per node.
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3.3. Combination III: density-dependent phenotypic switch
When phenotypic heterogeneity is observed in a cell population, switching between phenotypes is regulated by either extrinsic or intrinsic factors or a combination of both (Stockholm et al.,
2007): two identical cells may spontaneously become phenotypically different due to stochastic variation in gene expression
levels (Neildez-Nguyen et al., 2008) or because they respond in a
different manner to their local micro-environment (Kussell and
Leibler, 2005). However, there is no solid in vivo data showing
that the cells in the invasive zone harbor specific mutations
(linked to invasion) not present in the tumor core. Therefore,
we focus below on phenotypic switches that are regulated by
environmental conditions. Through changes in their behavior
cells also contribute to changes in the local micro-environment.
This adaptation may give rise to different migratory behaviors, as
in the mesenchymal–amoeboid transition (Wolf et al., 2003), or
may trigger migration as in the epithelial–mesenchymal transition (Friedl, 2004). Cell density itself, rather than specific signaling pathways whose details are often unknown, can be seen as a
source of signaling events (Batt and Roberts, 1998) that will alter
either cell motility or cell growth (a process termed contact
inhibition) or both.
We make the assumption that density may act as a switch that
can regulate the balance of migration and proliferation, i.e., the
cell motility state depends on the crowding of the local environment. Even though there is no extended study of the dependence
of glioma cell motility on local cell density, Deisboeck et al. have
reported that density-dependent motility very likely occurs in the
context of glioma tumor invasion (Deisboeck et al., 2005), which
supports our hypothesis.
3.3.1. LGCA rule modification
We relax rule R3 (see Table 2) and hypothesize that single cells
may change from the motile to the resting state (with probability
gvr ) and vice versa (with probability grv ) with respect to the local
cell density, meaning that we introduce a dependence on cell
density of these probabilities. Since very little is known about
density effects on phenotypic change, we can only propose
assumptions on the type of density-dependence and test their
influence on the dynamics of invasion. Here, we propose a switch
process and assume that the phenotypic transitions between
resting (i.e., proliferative) and moving (i.e., invasive) occur in a
transition zone of intermediate cell density values. As proposed in
Chauviere et al. (2010) we introduce sigmoidal functions of the
density to model this switch. At this stage of our modeling, all
parameters (i.e., aij , bij , kij and yij in Fig. 9) used to describe the
switching probabilities from resting to moving (i.e., (i, j)¼(r,v))
and vice versa ((i, j)¼(v, r)) are degrees of freedom. This means
that, due to the absence of biological support evidencing a specific
effect of cell density on phenotypic switching, we do not predetermine the nature of the switching processes (i.e., we fix the
monotonic behavior of the switching probabilities by using
sigmoidal functions without imposing the increasing or decreasing nature with respect to the density).
3.3.2. Observations and analysis
We have numerically investigated the influence on the
dynamics of all four combinations of sigmoidal functions for gvr
and grv , each of them modeling a particular regulation of the
phenotypic switch by the cell density. Our best fit of the experimental data (i.e., using specific parameter values obtained by
the minimization of the chi-square estimator) is presented in
Fig. 10(a) and corresponds to the type of switch illustrated in
Fig. 9 (i.e., with bij 4 aij ): both switching probabilities have to

Fig. 9. Example of switching probabilities gvr and grv . Both probabilities are
described through sigmoidal functions to model a switching behavior regulated by
the local cell density. Our numerical exploration of the combination of transfer
functions gvr and grv has provided the best fit of the experimental data for the
phenomenology illustrated above: in sparsely populated regions both probabilities are very small, meaning that the cells tend to maintain their phenotype in the
outer periphery of the spheroid’s core; in densely populated regions, cells try to
escape and switch phenotypes with high probabilities. The transition zone in the
graph corresponds to the immediate periphery of the core, where the cell density
decreases rapidly from high to low.

acquire high values for high densities and low but finite values for
low densities, with a transition zone of intermediate cell density
values in-between.
These phenomenological density-dependent exchange probabilities substantially improve the results of our LGCA model
when compared to the experimental data. We observe that (i) the
expansion speed of the invasive radius is increased and (ii) the
core preserved its size, although expanding slightly in time. This
means that we can not only qualitatively account for experimental characteristic C1, but also quantitatively reproduce the time
evolution of the core and invasive radii (see Fig. 10(a) and (b)). In
the meantime, radial persistence is still only qualitatively reproduced by our model (see Fig. 10(c)), due to the lack of detailed
experimental data on cell persistence.
Counter-intuitively, the specific density-dependent phenotypic switches that provide the best fit to the data imply high
exchange rates within the core and its immediate periphery,
while the cells maintain their phenotype further in the periphery.
The nature of gvr reduces the probability that moving cells that
escape from the core towards low cell density areas change their
type and stop migrating in the periphery. These cells retain their
motile phenotype and continue their motion reaching locations
further away from the core, thus increasing the mean expansion
of the invasive radius. On the other hand, the nature of grv allows
resting cells nearby the core to become motile, freeing space and
giving opportunity for new mitotic events. Additionally, when the
cell density increases strongly due to proliferation (i.e., a resting
node reaches its capacity) the newborn cells will automatically
become motile, mimicking a pressure-like effect that would expel
cells from the spheroid. Finally, switching probabilities are high
within the core, defined as a very dense region, but do not affect
the dynamics since any node inside the core is full. This means
that individual cell activity is still present, but it is not manifested
at the macroscopic level.

3.3.3. Conclusions on the cell density-dependent phenotypic switch
The cell density-dependent phenotypic switch mechanism,
combined with the GoG and the repulsive mechanisms, leads to
the quantitative reproduction of the macroscopic experimental
data (characteristic C1). The accuracy of the fit in Fig. 10(a) is
supported by the value w2 ¼ 0:0188 of the chi-square estimator,
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Fig. 10. Numerical results provided by mechanism combination III (GoG, cell–cell repulsion and cell density-dependence of the phenotypic switch). (a), (b) and (c) are
based on an average over 100 simulations performed with fixed mitosis probability rM ¼ 0.35. The strength of the repulsion mechanism is modeled through the parameter
a ð ¼ 2Þ. The dependence of the exchange probabilities gvr and grv corresponds to the regulation illustrated in Fig. 9 with the parameter values avr ¼ arv ¼ 0:01,
bvr ¼ brv ¼ 0:95, kvr ¼ krv ¼ 5 and yvr ¼ yrv ¼ 5:5. Simulation results (without symbols) are plotted against experimental data (with symbols). (a) Temporal evolution of the
core radius (dotted line) and the invasive radius (solid line). (b) Temporal evolution of the ratio of core to invasive radius. (c) Velocity field diagram at t¼ 24 h, which
represents the flux vectors (i.e., the local mean velocity) indicating the direction of cell movement; the flux is zero at each node inside the spheroid’s core represented by
the smaller circle. Within the invasive rim, whose external boundary is the larger circle, the flux is non-zero. The flux direction is depicted by arrows, whose lengths
represent the flux intensity. The inner lines are high intensity contour levels, while the outer lines correspond to low intensity contour levels, showing that oriented motion
is much stronger close to the core, then radially decreasing. Arrows are mainly radially oriented, which corresponds to radial persistence, as emphasized in the
enlargement (inlet-figure at the top right corner). (d) Visualization of the spatial structure of the tumor at t¼ 24 h resulting from one stochastic simulation. The image is an
enlargement of the tumor area—the size of the domain used for the simulation is much larger to exclude boundary effects. The levels of gray refer to the number of cells
per node.

which means that our final combination of cellular mechanisms is
acceptable with more than 99.5% confidence to describe the core
and invasive radii expansion (Appendix C). The accuracy of the fit
results from the density-regulated Go or Grow mechanism that
can prevent the core from shrinking while simultaneously accelerating the rim expansion. The density regulation does not
substantially affect radial persistent motion, i.e., our final model
provides also a good qualitative description of the microscopic
experimental observation (characteristic C2). Based on the quantitative matching between the numerical and experimental core
and invasive radii, and the qualitative reproduction of radial
persistence, we have identified a final mechanism combination.
We propose, in the following, to further support this combination
by comparing predictions from our final model with additional
experimental observables that were not involved in the identification of the mechanisms.
3.4. Further independent validations
The present identification process of glioma cell mechanisms
has been based on three experimental observables: the temporal
evolution of the invasive rim and the core boundary, and the
radial persistence of cell motion. In the collection of papers by
Stein et al. (2007a, 2007b, 2008) an additional observable was
measured: the cell density profile. The cell density profile is the
average radial cell density of a cell culture, which allows for a

one-dimensional representation of the two-dimensional spatial
cell density distribution. Note that both experimental and numerical density profiles are actually evaluated from two-dimensional
distributions and rescaled to account for the three-dimensional
spheroid’s structure by assuming spherical symmetry.
We analyze this observable as an additional support to our
findings and use the numerical simulations (Fig. 10) from our final
LGCA model (whose rules are summarized in Table 2) to evaluate
the theoretical density profiles corresponding to the parameters
used in the previous section for the quantitative reproduction of
the radii expansion. This means that no parameter fitting is
involved in the prediction of the theoretical density profiles that
we compare to the experimental ones.
In the original paper (Stein et al., 2007b) the experimental
density profiles averaged over eight experiments are presented.
The high density areas, which correspond to the core (i.e., at small
radius) are not presented, since the experimental tracking
method performed well only at low density values. Additionally,
the estimation of the cell density was not precise enough to allow
for a quantitative comparison. Therefore, although our LGCA
scaling provides the correct order of magnitude of the density
profiles (see Appendix A), we focus on their qualitative shape and
refer the reader to the original paper (Stein et al., 2007b) for visual
inspection.
We observe a very good agreement between the experimental
and theoretical density profiles (column (a) of Fig. 11). One
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Fig. 12. Proliferative index (PI) measured from our simulations. PI is evaluated at
the fifth day (120 h) and results from an average over 150 simulations. The solid
line corresponds to the spatial distribution of proliferative events (cells that
undergo mitosis at this time-point) over the total number of cells. The dashed
lines represent the average PI in the core (high for small radius) and the invasive
zone (low for larger radius), respectively, whose ratio is equal to 3.6. The inlet
figure shows the corresponding density profile.

the density-regulated Go or Grow mechanism that we suggest as
essential for glioma invasion.

4. Discussion
4.1. Summary

Fig. 11. Radial cell density profiles. Both columns show the temporal evolution
(from top to bottom, at times t¼24, 48, 96 and 144 h) of the cell density profiles
(evaluated by averaging 100 simulations corresponding to the case in Fig. 10) as a
function of the distance from the center of the spheroid. Column (a) shows the
predicted profiles in a restricted radius range allowing for direct visual comparison with the experimental profiles in Stein et al. (2007b). Column (b) also shows
the predicted profiles but in the whole simulation domain in order to present the
time evolution concerning the location of the core radius (left vertical line) and the
invasive radius (right vertical line).

significant feature of these front profiles is the slow formation of a
non-trivial shape (which is particularly visible at time t ¼144 h in
Fig. 11), an observation that our model was able to reproduce
independently of any parameter fitting process.
Additionally, we were able to predict the location and amount
of proliferative events in our simulations. Proliferation is more
important within the core structure with a peak at its edge
(Fig. 12). We have evaluated the ratio of the proliferative index
between the core and invasive rim areas at day 5 and have found
that cells in the core proliferate about 3.6 times more than in the
invasive rim. This number matches perfectly the experimental
observations of Stein and coworkers who found a ratio of 3.67.
This suggests a spatial separation of the migratory and proliferative phenotypes, a phenomenon emerging macroscopically from
the density-regulated Go or Grow mechanism at the cell level.
To conclude, the density profiles presented in Fig. 11 together
with the spatial distribution of proliferation events in Fig. 12
provide an additional support that reinforces the plausibility of
the cellular mechanisms that we have identified, in particular for

We have presented a computational data-driven study of
in vitro glioma invasion based on a collection of papers by Stein
et al. (2007a, 2007b, 2008). The aim of our study is the identification of intrinsic cellular mechanisms that dictate in vitro glioma
invasion. We expect the mechanisms identified to play a crucial
role in vivo, even if other external factors such as angiogenesis
and cell–extracellular matrix interactions, associated with the
tumor microenvironment, are also likely to have a significant
influence.
We have iteratively tested hypothetical cell mechanisms (see
Table 2) by comparing the predictions of our model with the
growth and invasion features observed experimentally. Through
this approach, we were not only able to qualitatively reproduce
all these observations but also to quantitatively match the
macroscopic in vitro tumor growth and invasion features for a
combination of cell mechanisms summarized below:
Go or Grow: We have tested the influence of the Go or Grow
mechanism on glioma invasion as a hypothesis suggested in the
literature. We have shown that this mechanism generates different regimes of expansion for the core and invasive rim, which
suggests that the time-growing invasive zone (that may have
important clinical implications, as emphasized below) may be a
direct consequence of the migration/proliferation dichotomy. To
the best of our knowledge, it is the first time that this dichotomy is
theoretically investigated and provides an explanation of glioma
invasive features, thus making a step forward to prove the
hypothesis.
Cell–cell repulsion: We have included cell–cell repulsion in our
model (a mechanism already suggested in the literature on
glioma) and found that this mechanism may be responsible for
radial persistence away from the tumor core, consequently
increasing the expansion speed of the invasive rim. This intercellular repulsion mechanism has also implications in pseudopalisading GBM cells around necrotic areas (Brat et al., 2004).
Indeed, pseudopalisades are assumed to be made of actively
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migrating cells that exhibit a radial persistence and surround
hypoxic parts of the tumor. This description is consistent with our
observations since directed cell motion appears in our simulations close to densely packed tumor areas where oxygen depletion is likely to occur due to the large number of cells. A more
precise correlation between pseudopalisades and glioma repulsive behavior would however require further investigation.
Cell density-dependent invasiveness: We have proposed that cell
density may be partially responsible for changes in cell motility
and invasiveness. Driven by the experimental data, we have found
that the migratory phenotype has to be maintained in the
invasive region (i.e., in a sparse environment) to recover values
of invasion speed observed experimentally. This leads to the
assumption that the Go or Grow mechanism can be regulated at
the cellular level by cell density, or associated phenomena such as
local nutrient availability. We have also shown that packed tumor
areas may trigger phenotypic adaptation leading to further
invasiveness.
As an additional validation, we have reproduced the tumor
density profiles published in Stein et al. (2007b) without any
further parameter fitting. The same simulations have also exhibited similar proliferation (Ki67) indexes in the core and the
invasive rim compared to the values reported by the authors,
suggesting a spatial phenotype separation where glioma cells in
the core are almost four times more proliferative than those
invading. All these observations support our model and the
plausibility of our findings.
Further validation of the model could come from studies using
cell-cycle-arrested U87 cells. The model would predict continuous
invasion and a loss of the core structure (see Fig. 6). This could
easily be confirmed or refuted experimentally.
The highly controlled experimental setup by Stein and
co-workers could be used to study the role of specific genes and
cellular mechanisms in invasion. Our mathematical model would
provide a framework to quantitatively analyze such data. In
particular, the influence of specific genes could be described in
terms of microscopic (cell) features, i.e., mitotic rates, proliferation/migration switch, cellular motility, etc.
4.2. Limitations of our approach
From a theoretical point of view, the careful reader may realize
that our focus was not the determination of the exact model
parameter values but on evidencing dynamics resulting from the
mechanisms that we investigate. This is a conscious decision since
we believe that a concrete parameter fitting should be performed
only after experimental validation of our findings. Additionally, it is
well known that square lattices introduce anisotropy (artifact) that
could bias the fitted parameter values. Such anisotropy also affects
the evaluation of higher order tensor quantities (in particular higher
than four) (Rothman and Zaleski, 1994). However, our model
observables are at most second order tensors (vectors), such as the
velocity field, which are still isotropic even in a square lattice
configuration. Therefore, changing the lattice topology should not
influence the results of our identification process.
From a biological point of view, one could question the
relevance of the experimental observations conducted by Stein
et al. (2007a) for real tumors: In vivo brain tumors develop within
a living environment that includes ECM, fiber tracts, various
soluble factors affecting cell behavior, and additional physical
constraints. There is much evidence that in vivo environmental
heterogeneity influences invasive growth, for example by affecting cell death such as apoptosis and necrosis. Although U87WT is
a cell line derived from malignant glioma, we do not know to
what extent it reflects typical in vivo glioma behavior. However,
as emphasized by Chicoine and Silbergeld (1995), the high

invasiveness of these cells can be instructive for the understanding of in vivo mechanisms of malignant tumors.
Another aspect of our findings is their potential limitation to
the cell line used by Stein and coworkers. Recent studies
(Godlewski et al., 2010; Nowicki et al., 2008) on many different
glioma cell lines and human glioma cells confirm the main
observations (in particular, the divergence of the core and
invasive rim speeds) of Stein et al., which suggests the generality
of the observed behavior for glioma cells.
In our model, we have shown that radial persistence (i.e., an
effective radially oriented cell motion away from the spheroid) may
be the result of a cell–cell repulsion mechanism, which can be
associated with chemo-repulsion (for example, via waste products
produced by the spheroid), contact repulsion (e.g., induced by
contactin), chemo-attraction (to nutrient-rich areas, for example)
or other microenvironmental factors. With the present data we
could not be more specific with respect to the exact nature of the
mechanism that underlies cell repulsion. We also acknowledge the
fact that radial persistence may be a combined result of ECM cues
(Hegedus et al., 2006; Demuth and Berens, 2004), which seems even
more plausible for in vivo considerations, even though we propose
alternative explanations in the context of intrinsic mechanisms.
Therefore, we state that radial persistence possibly results from
some type of intercellular repulsion that may be involved in
invasion phenomena. Further experimental investigation would
improve our insight into this phenomenon.
We have shown that local cell density may play a crucial role
in invasion, in particular through the phenotypic proliferation/
migration switch. Although cell density is known to play a role in
migratory and proliferative processes (e.g., for contact inhibition),
our finding that high density values lead to high phenotypic
exchange is not supported yet by concrete biological evidence.
Comprehensive and systematic studies on the effect of local cell
(and ECM) density on phenotypic plasticity – and especially on
cell motility – would be of considerable interest.
Another open question is to what extent data from malignant
glioma cells can be generalized to low grade gliomas, since low
grade gliomas are often characterized by extensive invasion but
only low proliferation rates. More generally, our results may be
relevant to other types of cancer as long as there is evidence of a
GoG switch similar to that in glioma. Of note, such data is lacking
for most cancers so far.
Finally, as stated in the first part of the paper, we do not claim
that we could identify a unique set of mechanisms that reproduces the experimental data which drove our study. We cannot
exclude that a different set of biological mechanisms could also
explain the experimental observations. Nevertheless, identifying a
combination of biologically plausible mechanisms represents a
major step forward to a better understanding of glioma invasion.
4.3. Clinical implications
Gliomas not only proliferate but also actively invade the surrounding brain parenchyma. The surgical resection of these tumors
does not result in a cure since cancer cells may have already invaded
the surrounding healthy and functional brain tissue. This leads to
recurrence of the tumor in all but a few cases. The prognosis for
patients suffering from malignant gliomas is very poor. In modeling
terms, the invasive behavior of the surrounding cells is described by
the evolution of the invasive zone. One of the conclusions of our
study is that the Go or Grow mechanism is responsible for the
divergent behavior of the core and invasive radius speed, which
results in an invasive zone increasing over time.
On the other hand, our investigation indicates that in the absence
of the migration/proliferation dichotomy the tumor’s invasive zone
reaches a time-independent width. Mathematical modeling has

Author's personal copy
143

M. Tektonidis et al. / Journal of Theoretical Biology 287 (2011) 131–147

shown that the expansion speed and the invasive zone width of
such tumors can be predicted (Hatzikirou and Deutsch, 2009).
Therefore, we propose the disruption of the Go or Grow mechanism,
i.e., the decoupling of the migration and proliferation molecular
pathways, as an interesting strategy to improve (thanks to a better
prediction of the region to be resected) the resectability of a tumor
and thus the patient’s prognosis.
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Appendix A. Details of the LGCA
A.1. Prerequisites
We consider a lattice-gas cellular automaton defined on two
two-dimensional regular lattices Lr and Lv . Each lattice corresponds
to a particular cell population, denoted by (r) for tumor resting cells,
and (v) for tumor moving cells. These two populations reside in the
two different parallel lattices (Dab et al., 1991): resting cells (r) in
lattice Lr and moving cells (v) in Lv , as depicted in Fig. 4.
Both lattices have the same size Ls ¼ L1 ' L2 A Z2 , for s A fr,vg,
where L1 and L2 are the lattice dimensions (Hatzikirou et al.,
2010). We call sibling nodes two nodes that belong to Lr and Lv ,
respectively, when they have the same coordinates. Each node of
both lattices contains a number of channels which can host cells.
In each of these channels, we consider an exclusion principle, i.e.,
we allow at most one cell per channel.

Fig. A1. Example of a velocity node and the corresponding velocity channels in
our LGCA. Gray circles indicate the presence of cells in channels cv,1 and cv,4 .
There, cells are ready to jump to the neighbor nodes in the direction of the
respective channels. Channels cv,2 and cv,3 are empty.

~ Here, we
simultaneously two sibling nodes, hence bmax r b.
assume that the maximum occupancy is defined by the number
of resting channels, i.e., bmax ¼ br . We represent the channel
occupancy, for both lattices, by a Boolean random variable called
occupation number. Thus, we describe the resting population by
Zr,i ðr,kÞ with i¼1,y,br and the moving population by Zv,i ðr,kÞ with
i ¼ 1, . . . ,bv , where r A Z2 is the spatial variable and kA N0 the
~
time variable. The b-dimensional
vector

gðr,kÞ :¼ ðZr,1 ðr,kÞ, . . . , Zr,br ðr,kÞ, Zv,1 ðr,kÞ, . . . , Zv,bv ðr,kÞÞ A E
b~

ðA:3Þ

is called node configuration and E ¼ f0,1g the automaton state
space. The node density ns ðr,kÞ is the total number of cells present
at node r for a given cell population s, and is evaluated as
ns ðr,kÞ :¼

bs
X

i¼1

Zs,i ðr,kÞ:

ðA:4Þ

We can also define the total node density nðr,kÞ that is the sum of
two sibling node densities, as
nðr,kÞ :¼ nr ðr,kÞ þ nv ðr,kÞ A ½0,bmax &:

ðA:5Þ

A.2. Dynamics

! Velocity lattice Lv : We denote by bv A N the capacity of a

velocity node, i.e., the total number of velocity channels. Cells
move on the discrete lattice with discrete velocities, i.e.,
they jump at discrete times from a given node to a neighboring
one, as determined by the single cell velocity mv A N. The
square lattice that we exclusively consider in the paper
corresponds to bv ¼4. The corresponding set of velocities is
represented by the two-dimensional channel velocity vectors
(see Fig. A1):
! "
! "
!
"
!
"
1
0
(1
0
cv,1 ¼
, cv,2 ¼
, cv,3 ¼
, cv,4 ¼
:
0
1
0
(1
ðA:1Þ

! Resting lattice Lr : We denote by br A N the capacity of any

resting node, i.e., the total number of identical resting channels
! "
0
cr,i ¼
ðA:2Þ
, i ¼ 1, . . . ,br :
0

We define b~ ¼ br þ bv as the total number of channels of two
sibling nodes. The maximum occupancy bmax at these nodes is
defined as the maximal number of cells that can occupy

Automaton dynamics arises from the repeated application of
four operators: cell kinetics (R), exchange (E), reorientation
(O) and propagation (P). The composition RJEJOJP of the four
operators is applied independently at every node of both lattices
at each time step resulting in the next configuration:
EJOJP
ZRsJ
ðr þ ms cs,i ,k þ tÞ ¼ Rs ðgðr,kÞÞ, s A fr,vg,
,i

ðA:6Þ

where t A N is the automaton’s time step. The reorientation (O)
and propagation (P) operators are related to cell motion. The
cell kinetics operator (R) controls the change of the local number
of cells in a node due to birth–death processes, and the exchange
operator (E) controls the switching of cells between the resting and
velocity lattices. In the following, we present these LGCA operators
in detail.
A.2.1. Cell kinetics
In this section, we define the interactions between tumor cells.
In our model, we account for two processes, mitosis and apoptosis,
and model them as follows:

! Mitosis is the cell doubling process. A cell can undergo mitosis
with probability rM.
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! Apoptosis: Analogous to above, we introduce the apoptosis
probability rA for each cell.

Each cell of a node undergoes a birth–death process with
corresponding probabilities rM for mitosis and rA for apoptosis,
respectively. Obviously, a cell is not undergoing any cell reaction
with probability 1(ðrM þ rA Þ. The simplest approach to model the
cell kinetics operator is to assume that rM and rA have constant
values. Remark that since cell death is accounted for only in the
net increase of new tumor cells in the experiment by Stein et al.
(2007a), we consider only a ‘‘modified’’ mitotic probability
r 0M ¼ rM (rA that accounts for the net balance of birth/death
processes. Additionally, birth processes are applied to cancer
cells of both lattices in our default model, while the GoG
mechanism is modeled by allowing proliferation of resting cancer
cells only.

A.2.2. Phenotypic changes
The exchange operator is responsible for the transition of cells
between the two lattices Lv and Lr . Each cell of every node of
both lattices is a candidate for an exchange. The cells switch
between the lattices with a specific probability: cells of the
resting lattice Lr jump to lattice Lv with probability grv and
cells of the velocity lattice Lv change to lattice Lr with probability
gvr . The simplest approach is that exchange probabilities gij are
fixed. However gij can be expressed by a more complicated
function which is, for example, depending on the cell density of
the specific node. Note that a cell can jump to the sibling node
of the destination lattice only if the node occupancy rules are
observed.
We consider a phenotypic switching mechanism that depends
on the local density of tumor cells. In particular, we model the
density-dependent probabilities by sigmoidal functions:

gij ¼ a

a

k

1
ij þ 2ðbij ( ij Þð1 þ tanhð ij ðnðrÞ(yij ÞÞÞ,

ðA:7Þ

for a pair ði,jÞ A fðr,vÞ,ðv,rÞg. In this formulation, yij is a threshold
at which the regulation of the switching mechanism (from lattice
(i) to lattice (j)) changes locally according to the number of cells
n(r) at the corresponding node (i.e., the total node density).
Parameters bij and aij control the switch intensity and kij its
steepness.

A.2.3. Reorientation
The reorientation operator is responsible for the redistribution
of cells within the velocity channels of every node of the velocity
lattice, providing a new velocity distribution at this node.
Random reorientation: When we assume that individual cells
perform random walks, the corresponding transition probabilities are
1
dðnv ðr,kÞ,nOv ðr,kÞÞ,
ðA:8Þ
Z
P
where the normalization factor Z ¼ gOv ðr,kÞ dðnv ðr,kÞ,nO
v ðr,kÞÞ corresponds to the equivalence class defined by the value of the preorientation node density nv ðr,kÞ.
Obviously, this case implies a uniform random redistribution
of the cells among the node’s velocity channels. The Kronecker d
assumes mass conservation of this operator. This choice of the
reorientation operator together with the deterministic propagation operator (P) is one out of various possible ways to describe
random motion by means of LGCA, as proposed in Chopard and
Droz (1998) and Deutsch and Dormann (2005).
Repulsive reorientation: As explained in more detail in our
article, modeling of cell–cell repulsion is achieved through the
idea that cells follow the direction of lowest cell density. This

Pðgv -gOv Þðr,kÞ ¼

means that they jump preferentially to the neighboring node with
the lowest density.
For modeling reasons, we define two important quantities for
our LGCA model. The first one is the node flux which represents
the mean node velocity. Since the resting cells do not contribute
to any movement, the mean node velocity simply writes
Jðgv ðr,kÞÞ ¼

bv
X

i¼1

Zv,i ðr,kÞcv,i :

ðA:9Þ

The second important quantity is the density gradient. We introduce N r as the set of nodes that define the interaction neighborhood of a node r. When the interaction neighborhood N r consists
only of the four neighboring nodes ri (on a square lattice), one can
define the local density gradient G(r, k) by
Gðr,kÞ ¼

bv
X

i¼1

cv,i nðr þ cv,i ,kÞ,

ðA:10Þ

where n ¼ nv þ nr is the local total number of cells. When a larger
interaction neighborhood N r is considered, we introduce the
weighted gradient
J

Gðr,kÞ ¼

bv
X X

r0 A N r i ¼ 1

wðJr(r0 JÞcv,i nðr þ r0 ,kÞ,

ðA:11Þ

where wð*Þ : R-½0,1& is a weight function that depends on the
Euclidean distance Jr(r0 J between two nodes r and r0 .
When the repulsion mechanism is taken into account, we
define the transition probabilities of ‘‘jumping’’ from a configuration gv to a post-orientational gO
v by
J

Pðgv -gOv Þðr,kÞ ¼

expð(a/G,JðgO
v ÞSÞ
dðnv ðr,kÞ,nOv ðr,kÞÞ,
Z

ðA:12Þ

where parameter a describes the strength of repulsion. In
Eq. (A.12) the delta function dðnv ðr,kÞ,nO
v ðr,kÞÞ indicates that the
repulsion mechanism is mass conserving. The repulsion mechanism favors configurations
that provide antiparallel fluxes J to the
J
density gradient G, i.e., cells tend to move away from high density
regions (such as the core). Expression (A.11) assumes a cell sensing
mechanism to detect high density regions that we describe below.
The weight function w models regulation of the repulsion
mechanism as a function of space. The idea behind this choice is
the chemo-repellent mechanism observed by Werbowetski et al.
(2004). Therefore, we assume that glioma cells produce a chemorepellent that diffuses to their neighborhood. Since diffusion of
chemicals takes place at a much smaller time scale than cell
movement, it is reasonable to assume a steady distribution of the
chemical between two consecutive time points k and k þ t of the
automaton. Thus, we weight the cell gradient sensing mechanism
by the following Gaussian function (quasi steady-state of a twodimensional diffusion process):
!
1
Jr(r0 J2
wðJr(r0 JÞ ¼
exp (
,
ðA:13Þ
4pDc t
4Dc t
where Dc is the diffusion coefficient associated with the chemorepellent. This approach is similar to the one used by Aubert et al.
(2008) to model short- and long-range interactions in a similar
context.
In our implementation, we use expression (A.11) of the
weighted gradient for a R-radial interaction neighborhood N r0 ¼
fr A L : Jr(r0 J r R,r0 A Lg with R¼3. Additionally, the weight
function w is given by the Gaussian function (A.13). Both are
illustrated in Fig. A2.
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Fig. A2. Modeling of the repulsive reorientation mechanism in our LGCA. (a) Schematic representation of the R-radial neighborhood on the LGCA lattice. The example
corresponds to R ¼2. The neighborhood N r of a node r (in black) is defined as the set of nodes (in light gray) inside a circle centered at r. The radius R of the circle defines
the size of the neighborhood (see details in the text). The nodes of the neighborhood are used to evaluate the density gradient that affects the movement of cells at the
central node. (b) Gaussian weight function that models the spatial decay of the self-secreted chemo-repellent.

A.2.4. Propagation
The process of free streaming of cells of species s A fr,vg in the
medium is modeled by the propagation step. The propagation
step is deterministic and is governed by the operator (P). By the
application of (P) all cells are transported simultaneously to nodes
in the direction of their velocity, i.e., a cell residing in channel
ðr,cs,i Þ at time k is moved to a neighboring channel ðr þ ms cs,i ,cs,i Þ
during one time step t. Here, ms A N determines the speed and
ms cs,i is the translocation of a cell. In our model mv ¼1 and mr ¼0.
Cells residing on the resting lattice Lr do not move since they
have zero velocity. In terms of occupation numbers, the state of a
channel ðr þms cs,i ,cs,i Þ after propagation becomes

ZPs,i ðr þ ms cs,i ,k þ tÞ ¼ Zs,i ðr,kÞ, s A fr,vg:

ðA:14Þ

The operator (P) is mass and momentum conserving.
A.3. Scaling of the LGCA
The maximum cell velocity observed experimentally by Stein
et al. (2007a) is approximatively 20 mm=h. We take the single cell
speed parameter mv ¼ 20 mm=h, which defines the distance that a
cell covers within 1 h. Then the corresponding time step for the
LGCA is t ¼ 1 h. We consider the size of each node of both LGCA
lattices being Vnode ¼ ð20 mmÞ3 . Additionally, the volume of glioma
cells is approximately Vcell ¼ ð10 mmÞ3 . Therefore, the maximum
capacity of a node is defined by bmax ¼ Vnode =Vcell ¼ 8. Our scaling
provides a maximum cell density, consistent with that experimentally measured by Stein et al. (2007a), i.e., 8 cells=203 mm3 ¼
109 cells=cm3 .

use image I, in a similar manner as Stein et al., to determine the
core and invasive radii.
B.1. Estimation of the in silico core radius
Stein et al. (2007b) have assumed that the spheroid’s core
grows with a constant mean velocity that they have fitted from
the experimental data. In our model, we do not assume any a
priori dynamics of the core. Then, we need to estimate the core
radius Rcore at each time step of the simulation.
The core is a region of high cell density, which is expressed on
the converted image by high intensity values. To evaluate the core
radius, we assume that the system is spherically symmetric,
which is qualitatively observed in both experimental data and
numerical simulations. We estimate the radial density profile D as
the average cell density function of the radial distance from the
center of the spheroid, which is defined by
Z 2p
Z 2p
1
1
DðrÞ ¼
Iij df ¼
nðr, fÞ df,
ðB:2Þ
2p f ¼ 0
2p f ¼ 0
where ðr, fÞ are the polar coordinates of the image with origin at
the image’s center ðrx0 ,ry0 Þ. Then, we define Rcore as the smallest
distance from the spheroid’s center, where D(r) is lower than a
threshold ycore . This means that the core radius is estimated as
Rcore ¼ minfr : DðrÞ o ycore g,
r

ðB:3Þ

where ycore A ð0,bmax Þ. An example of the estimation of the in silico
core radius is presented in Fig. B1(a). All numerical results have
been obtained with ycore ¼ 5:5.
B.2. Estimation of the in silico invasive radius

Appendix B. Estimation of the core and invasive radii
To estimate the core and invasive radii in our simulations, we
convert the two lattices to an image I at each time step of a
simulation. The image I is a two-dimensional matrix with the
same size as both lattices, i.e., I A ML1 'L2 . The value Iij associated
with each pixel (each matrix element corresponds to one pixel) is
given by the total node density of our LGCA, i.e.,
Iij ¼ nðrÞ ¼ nr ðrÞ þ nv ðrÞ,

8ði,jÞ ¼ ðrx ,ry Þ A L ¼ L1 ' L2 :

ðB:1Þ

Thus, a pixel can hold a value between 0 and bmax ¼8. This
conversion is helpful as it is easier and more efficient to apply
transformations and calculations on an image than on the twolattice system. In what follows, we present in more detail how we

To estimate the invasive radius from simulation results, we
use the AIRE (Automated Invasive Radii Estimation) algorithm
proposed by Stein et al. (2007b). We define the following transform G of the image:
GðIij Þ ¼ ðIi þ 1,j (Iij Þ2 þ ðIi(1,j (Iij Þ2 þ ðIi,j þ 1 (Iij Þ2 þ ðIi,j(1 (Iij Þ2 :

ðB:4Þ

The value GðIij Þ is the sum of the squared differences in image
intensity between pixel (i, j) and each of its four direct neighbors,
2
which is a discretization of 9rI9 . Large values of G(I) indicate
rapid spatial fluctuations in the image density, which occur
within the transition region between the core and the invasive
rim. On the other hand, low values of G(I) are observed in the core
and outside of the invasive rim. As in the previous section, we
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at discrete time points t in T, the set of time points used in the
^ ¼ fR^ I ðtÞ, R^ C ðtÞg
experiments. Now, we introduce the set D
t A T of
random variables (r.v.) which are the invasive and core radius
values respectively predicted by the model with mechanisms My .
We are interested in the expected value of the above r.v. over an
ensemble of simulations. Then, we define the mean value
/R^ j ðtÞS ¼

Fig. B1. Example of the estimation of the in silico core and invasive radii. (a) Cell
density profile D(r) (i.e., average cell density as a function of the radial distance
from the spheroid’s center). The horizontal line corresponds to the value ycore ¼ 5:5
used to evaluate the core radius. The black dot (intersection of the curves D(r) and
ycore ) is at the smallest radial distance where D(r) is lower than ycore . The rcoordinate of the intersection dot corresponds to the boundary r ¼ Rcore of the
core. (b) Function G as a function of the radial distance from the spheroid’s center.
The horizontal line corresponds to the value yinv G max with yinv ¼ 0:1. The black dot
(intersection of the curves GðrÞ and yinv G max ) is at the largest radial distance where
GðrÞ is larger than the threshold yinv G max . The r-coordinate of the intersection dot
corresponds to the external boundary r ¼ Rinv of the invasive rim. (c) Visualization
of a simulation result. The two circles represent the estimated core and the
invasive rim, respectively.

as a function of the radial distance r from the spheroid’s center.
We evaluate first the maximum value G max ¼ maxr ðGðrÞÞ. Then, we
define the invasive radius as the most distant point from the
spheroid’s center at which GðrÞ is bigger than yinv % of its
maximum (see Fig. B1(b)). The invasive radius Rinv is then
evaluated as
Rinv ¼ maxfr : GðrÞ 4 yinv G max g,
r

ðB:6Þ

where yinv A ð0,1Þ. An example of the estimation of the in silico
invasive radius is presented in Fig. B1(b). All numerical results
have been obtained for yinv ¼ 0:1.
Appendix C. Statistical evaluation of the results
We present the statistical method that we use to quantify the
agreement between our simulation results and the experimental
data. We denote D as the experimental data set and My as a set of
mechanisms accompanied with a set of parameters y. Our goal is
to compare the experimental data with the numerical observables
^ produced by our LGCA model with mechanisms My . We develop
D
a statistical hypothesis test:

! H0: the set of mechanisms My corresponds to a possible set of
glioma cell mechanisms;

! H1: the set of mechanisms My does not correspond to a
possible set of glioma cell mechanisms.

In our case, the experimental data set is D ¼ fRI ðtÞ,RC ðtÞgt A T , where
RI(t) and RC(t) are the average invasive and core radii, respectively,

j ¼ I,C,

ðC:1Þ

where RðiÞ
j ðtÞ is the result of the ith-simulation.
Our goal is to calculate the probability of reproducing data D
using a combination of mechanisms My , i.e., PðD9H0 Þ. This probability can be evaluated after the choice of an appropriate
statistical function (estimator). Here, we choose a mean square
error estimator (MSE) function which evaluates the proximity of
^ to the experimental set D. Our mean
the numerical data set D
square error estimator is formulated as
X
EðMy ; DÞ ¼
ðZI2 ðtÞ þZC2 ðtÞÞ:
ðC:2Þ
tAT

In (C.2) the mean error Zj(t) for radius Rj is defined by
Zj ðtÞ ¼

/R^ j ðtÞS(Rj ðtÞ
,
sj ðtÞ

j ¼ I,C,

ðC:3Þ

where sj ðtÞ is the experimental standard deviation at each time
point t.
According to the central limit theorem, for an infinite number
of realizations, we can state that
Zj ðtÞ ¼

assume spherical symmetry and define the average quantity
Z 2p
Z 2p
1
1
GðrÞ ¼
GðIij Þ df ¼
Gðnðr, fÞÞ df,
ðB:5Þ
2p f ¼ 0
2p f ¼ 0

N
1X
RðiÞ ðtÞ,
Ni¼1 j

/R^ j ðtÞS(Rj ðtÞ D
(!Nð0,1Þ,
sj ðtÞ

ðC:4Þ

where j¼I,C and N(0,1) the normal distribution with mean value
0 and standard deviation 1. Notation D denotes the convergence in
distribution of the random variable Zj(t). The mean error Zj(t) for the
invasive and core radii converges to the normal distribution with
mean value zero and variance one, as long as the simulation
ensemble is big enough (i.e., the number of system realizations
N is big enough, where in our case N¼ 100). Therefore the r.v.
Zj2 ðtÞ + X 21 (where X 2n denotes the chi-square distribution with n
degrees of freedom) and the MSE follows the chi-square distribuP
tion. Then, we can prove successively that Zj2 ¼ t A T Zj2 ðtÞ + X 2T and

ZI2 þ ZC2 + X 22T .
Now, we calculate that the probability of accepting hypothesis H0
is PðD9H0 Þ ¼ 1(a, where a is the statistical significance level. In this
case, the probability of accepting the set of mechanisms My is

PðEðD; My Þ r w2T;a Þ ¼ 1(a:

ðC:5Þ

For a significance level a ¼ 0:005, i.e., for accepting the H0 hypothesis
with 99.5%, and for 2T¼ 14 degrees of freedom (due to T¼ 7 days in
the experimental data), the chi-square statistic becomes w2T;0:005 C 4.
Therefore, we will accept a set of mechanisms My if the estimator
EðD; My Þ r4.
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