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Highlights1

• A modeling framework to assist the decision making process in radio therapy planning.2

• The model accounts for t umor immune system interplay and radiation induced antitumor immunity.3

• A control engineering approach was implemented to reduce the number of model parameters.4

• Tumor vasculature normalization combined with radiotherapy is a plausible therapeutic strategy.5

• T ime dose fractionation schemes can be determined for different tumor, immune system and6

treatment conditions.7
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Abstract21

Recent evidence indicates the ability of radiotherapy to induce local and systemic tumor-specific immune22

responses as a result of immunogenic cell death. However, fractionation regimes routinely used in clinical23

practice typically ignore the synergy between radiation and the immune system, and instead attempt24

to completely eradicate tumors by the direct lethal effect of radiation on cancer cells. This paradigm25

is expected to change in the near future due to the potential benefits of considering radiation-induced26

antitumor immunity during treatment planning. Towards this goal, we propose a minimal modeling27

framework based on key aspects of the tumor-immune system interplay to simulate the effects of radia-28

tion on tumors and the immunological consequences of radiotherapy. The impacts of tumor-associated29

vasculature and intratumoral oxygen-mediated heterogeneity on treatment outcomes are considered. The30

model provides estimates of the minimum radiation doses required for tumor eradication given a certain31

number of treatment fractions. Moreover, estimates of treatment duration for disease control given pre-32

determined fractional doses can be also obtained. Although theoretical in nature, this study motivates33

the development and establishment of immune-based decision-support tools in radiotherapy planning.34

Introduction35

Radiotherapy (RT) is used in at least two-thirds of cancer patients at some point during their disease36

course, and contributes to 40% of curative treatments [1, 2]. However, tumor relapse after RT due to37

radioresistance of cancer cells is inevitable for many patients. Strategies to overcome resistance have38

long been hindered due to the radiation dose to the tumor is limited by the tolerance of adjacent normal39

tissues. Although, several RT-drug combinations have been explored to target various tumor microenvi-40

ronment components for radiosensitization, locoregional tumor recurrence remains an obstacle to cure [3].41

Increasing evidence also demonstrates the existence of cancer stem cells within some heterogeneous tu-42

mors, which represent a small but highly radioresistant cell subpopulation difficult to exterminate by43

RT [4,5]. Thus resistance to radiation, either intrinsically or acquired, is a plausible reason why current44

fractionation regimes with the only aim to maximize the direct killing of cancer cells sometimes fail to45

induce complete tumor eradication. This supports a paradigm shift in RT planning towards treatment46

plans that consider, and effectively exploit, the potential direct and indirect effects of radiation that cause47

harm to surviving, radioresistant cancer cells.48

49
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Recent evidence suggests that RT increases the immunogenicity of cancer cells and induce tumor-specific50

immune responses both in mouse models and humans [4,6,7]. It is currently known that RT influences each51

step of the cancer immunity cycle [8,9], inducing a second wave of antitumor immune responses [10,11]. In52

particular, radiation induces dying tumor cells to express significantly more tumor-associated antigens on53

their surface and to release danger signals such as damage-associated molecular patterns, a process known54

as immunogenic cell death. This promotes the activation of professional antigen-presenting cells (APCs),55

which then migrate to draining lymph nodes (DLNs). Within DLNs, T-cell exposure to activated APCs56

results in the activation and priming of T-cells which enter in the bloodstream as tumor-specific T-cells57

and infiltrate into the tumor microenvironment. The ability of RT to induce not only local tumor-specific58

immune responses, but also systemic immune-mediated effects at distant sites away from the irradiated59

target, is an observed phenomenon referred as the abscopal effect [12]. This suggests that the positive60

immunostimulatory effects of radiation might be co-responsible of locoregional tumor control in some61

patients, since surviving radioresistant cells can be eliminated by the immune system.62

63

In addition to the immune system, a key microenvironmental factor influencing RT responses is the64

tumor-associated vasculature. Heterogeneity in cellular oxygenation within tumors, in particular the65

occurrence of hypoxia, is recognized as a cause of RT failure. This is associated to the fact that hy-66

poxic cells are more radioresistant than normoxic cells due to reduced oxygen-mediated fixation of DNA67

damage [3, 13, 14]. This leads to the “blood vessel normalization hypothesis” which states that the68

normalization of the dysfunctional tumor-associated vasculature can improve oxygenation and alleviate69

hypoxia for radiosensitization [15,16]. Preclinical studies have also demonstrated that improved vascular70

functionality increases the infiltration of immune cells into the tumor bed and enhance their cytotoxic71

function [17,18]. However, it is well-known that tumor vasculature plays an important role in sustaining72

tumor growth and facilitates relapse after therapy [15, 18]. Due to the opposing effects of vasculature73

on tumor dynamics, antitumor immune responses and radiosensitivity of cancer cells, tumor-associated74

vasculature is a key factor that should be accounted for during treatment planning.75

76

Mathematical models incorporating different radiobiological and physical components has long been rec-77

ognized as valuable decision-support tools in RT planning. Several models have been proposed to estimate78

the effect of radiation on cells [19–22], to determine tumor control and normal tissue complication prob-79

abilities [20,23,24], to simulate growth of either homogeneous or heterogeneous tumors and predict their80

responses to different RT protocols [25–32], and to optimize radiation dose distributions under clinical81

and technical constraints [33–36]. On the other hand, several models considering the interactions be-82

tween tumors and different immune cell subsets at different biological scales, and in some cases under the83

influence of microenvironmental factors such as cytokines and chemokines, have been reported [37–42].84

Recently, a mathematical model coupling local tumor-immune system dynamics and systemic T-cell traf-85

ficking in a metastatic setting has been proposed. This mathematical model considered radiation-induced86

immunity and it was used to simulate the evolution of tumor and immune cell populations in anatomically87

distant metastatic sites (abscopal effect) following surgical resection and RT [43–45]. In the same line,88

a different mathematical model suggested that radiation to the bulk of the tumor could induce a more89

robust immune response and better harness the synergy of RT and antitumor immunity than postsurgical90

radiation to the tumor bed [46].91

92

Herein, we present a mathematical model to simulate the effects of intratumoral oxygen-mediated hetero-93

geneity and the immunological consequences of RT on tumor responses. With the main aim of reducing94

the total number of model parameters, we implement a control engineering approach, in the context95

of impulsive control theory, to propose a simplified version of the model that could be considered as96

a decision-support system for RT planning. This minimal framework allows to determine time-dose97

fractionation regimens that consider the RT effects on the tumor-immune system interplay.98
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Materials and Methods99

A model of tumor-effector cell response to radiotherapy100

We further develop a previous mathematical model of tumor-effector cell interactions calibrated based101

on murine experiments of tumor growth [42,47,48] to investigate the immunological consequences of RT.102

The proposed model is given by the following system of ordinary differential equations103

dR

dt
=

1

3
(λMB − λA)R+ λM(1−B)LD

(
1

tanh(R/LD)
− LD

R

)
− cER 1

R(1−B) + 1
, (1)

dE

dt
= r

R3

K +R3
E − d1R

3

R(1−B) + 1
E − d0E + σ + ηD3, t 6= τi (2)

dD

dt
= −θD, (3)

where R(t) is the average tumor radius, E(t) represents the concentration of effector cells in the tumor104

microenvironment and D(t) is the fraction of tumor radius reduced by radiation which represents the105

fraction of irradiated cancer cells undergoing immunogenic cell death. The time coordinate t has been106

omitted in Eqs. (1)-(3) for notation simplicity. Fig. 1A shows a schematic representation of the model107

given in Eqs. (1)-(3).108
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Figure 1: (A) Schematic representation of the model given in Eqs. (1)-(3). Positive (green) and negative
(red) feedbacks are represented. The arrows (black) pointing in and out to effector T cells represent
the baseline recruitment of effector cells even in the absence of tumor cells and the natural death of
effector cells. (B) A cross sectional view of an idealized spherical tumor of radius R divided into an inner
avascular region of radius (1 − B)R and an outer vascular layer of thickness BR. The inner avascular
tumor region is composed by an outer proliferation rim of thickness Φp (green), an internal hypoxic layer
of thickness Φq (blue) and a central necrotic core of radius RN (gray).

The first and second terms of Eq. (1) represent the vascular and avascular tumor growth respectively,110

where B ∈ [0, 1] is a dimensionless parameter that represents the degree of functional tumor-associated111

vasculature, i.e. blood vessels that feed growing tumors with oxygen and nutrients. We assume that in112

the limit of avascular tumor growth (B = 0) tumor-effector cell interactions take place only at the tumor113
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surface, while in fully vascularized tumors (B = 1) effector cells can potentially interact with any tumor114

cell. The parameters λM and λA are the mitotic and death rates of tumor cells, and LD is the intrinsic115

length scale resulting from nutrient dynamics, i.e. diffusion, supply and consumption. The last term of116

Eq. (1) models the killing of tumor cells by effectors at a rate c.117

118

The first term of Eq. (2) models the recruitment of effector cells into the tumor microenvironment at119

a rate r, where K is the tumor volume at which the recruitment rate r is half-maximal. We assume120

that without radiation, immune cells are recruited in response to signals released from both tumor cells121

and immunogenic dying cancer cell as a result of severe hypoxia and antitumor immune responses. The122

second and third terms of Eq. (2) represent the exhaustion of effector cells by their antitumor activity123

at a rate d1 and the spontaneous effector cell death at a rate d0, respectively. Innate immunity σ is124

represented as a baseline presence of effector cells at any time (immunosurveillance), even in the absence125

of tumor cells. The last term of Eq. (2) models the recruitment of effector cells at a rate η, which is126

induced by the immunostimulatory signals from dying tumor cells that undergo immunogenic cell death127

D as a consequence of RT. The strength of radiation-induced antitumor immune responses, characterized128

by subsequent infiltration of effector cells into the tumor bed, is assumed to depend on the fraction of129

lethally irradiated immunogenic tumor cells D. Eq. (3) describes the lysis of tumor cells sterilized by RT,130

and thus the decrease of radiation-induced immunostimulatory signals at a rate θ.131

132

Simulations of the full model in Eqs. (1)-(3) were initialized with a small tumor radius of 0.1 mm,133

0.13 × 105 effector cells (baseline presence) and no radiation-induced antitumor immunostimulation.134

These initial conditions result in tumors escaping immunosurveillance, and allow to then simulate the135

effect of RT. The sensitivity analysis of the model in Eqs. (1)-(3) without RT can be found in [42, 47],136

where we provided phase portrait diagrams and performed the bifurcation analysis. In this study, we137

extended that model by considering the effects of RT, which only impacts the post-treatment system138

dynamics and not the stability of the fixed points. Simulated tumors reaching a certain pre-defined size139

R0 were treated with RT. Tumor diameters of 20 to 40 mm (10 ≤ R0 ≤ 20 mm) where considered at140

time of treatment in agreement with reported sizes of colon cancer (tumor type for which the model was141

calibrated) at clinical presentation [49, 50]. The delivery of each RT fraction and subsequent responses142

to radiation of both effector and tumor cells were assumed instantaneous, i.e. faster than the cell-cycle143

duration. Tab. 1 summarizes the parameter values used in model simulations. The mathematical model144

was implemented and simulated in Matlab, see www.mathworks.com.145

Modeling cell population responses to radiotherapy146

At each RT fraction of dose d at time t = τi, the radiation-induced change in the system variables R, E147

and D in Eqs. (1)-(3) are given by148

∆R = −(BR+ Φp) (1− Sp(d))− Φq (1− Sq(d)) , (4)

∆E = − (1− Se(d))E, t = τi (5)

∆D = (BR+ Φp) (1− Sp(d)) + Φq (1− Sq(d)) , (6)

where ∆x = x(τ+i )− x(τi) with x = R,E,D, and τ+i is the time instant after τi.149

150

The effect of radiation on tumor cells is estimated by means of the linear-quadratic (LQ) model [19,22].151

According to it, the surviving fraction S of cells receiving a radiation dose d [Gy] is given by152

S(d) = e−ξ(αd+βd
2), (7)
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Table 1: Parameter values used in model simulations.
Parameter Description Value Units Source
λM Mitotic rate of tumor cells 1.34 days−1 [51, 52]
λA Death rate of tumor cells 0.14 days−1 [42]
B Degree of functional tumor vasculariza-

tion
[0,1] - [42]

LD Characteristic nutrient diffusion length 0.3 mm [42,53]
c Killing rate of tumor cells by effector

cells
0.03 cells−1 days−1 [42]

r Recruitment rate of effector cells in re-
sponse to tumor burden

0.65 days−1 [42]

K Immune stimulation damping coeffi-
cient at which r is half-maximal

2.72 mm3 [39, 40,54]

d0 Death rate of effector cells 0.37 days−1 [37, 55]
d1 Inactivation rate of effector cells by

their antitumor activity
0.01 mm−3 days−1 [39, 40,54]

σ Baseline recruitment of effector cells 0.13× 105 cells days−1 [54]
η Radiation-induced effector cell recruit-

ment rate
7.5× 10−4 cells mm−3 days−1 Estimated

θ Decay rate of immunostimulatory sig-
nals from irradiated tumor cells under-
going immunogenic cell death

0.065 days−1 Estimated

a Base necrotic thickness 0.42 mm1/3 [56, 57]
b Base proliferative thickness 0.11 mm1/3 [56, 57]

where α [Gy−1] and β [Gy−2] are tumor-specific radiosensitivity parameters. As the model of tumor-153

effector cell interactions in Eqs. (1)-(3) was calibrated from in vivo experiments of murine CT26 (mouse154

colon carcinoma cell line) tumor growth [42], we use α = 0.294 Gy−1 and β = 0.0603 Gy−2 as estimated155

from 20 colon cancer cell lines [58]. The parameter ξ is incorporated in the LQ model to distinguish156

the different radiosensitivities of proliferative and quiescent (hypoxic) tumor cells [25,31]. Accumulating157

evidence demonstrates that tumor cells exposed to hypoxia are generally arrested at the G1/S-phase158

boundary of the cell cycle, and estimated to be about three-times more radioresistant than normoxic159

cycling cells [13, 14]. We set ξ = 1 in Sp and ξ = 1/3 in Sq (Eq. 7) to scale the radiosensitivity of160

proliferative and quiescent cancer cells, respectively [25, 31]. Thus, tumor radiosensitivity is determined161

by the intrinsic radiosensitivity of tumor cells (α and β parameters of the LQ model) and modulated by162

microenvironmental conditions such as hypoxia (parameter ξ in Eq. 7).163

164

At the time of irradiation, we consider tumors divided into an outer vascularized layer of thickness BR165

and an inner avascular region of radius (1 − B)R, see Fig. 1B. Additionally, the inner avascular region166

consists of a proliferation rim Φp determined by the diffusion of oxygen from the surrounding functional167

blood vessels in the outer vascularized tumor region, an intermediate quiescence region Φq in which tumor168

cells are hypoxic, and a central necrotic core of radius RN. Accordingly, (BR+Φp) and Φq in Eq. (4) rep-169

resent the proliferative and quiescent tumor regions, respectively. Experimental estimates of Φp = bR2/3170

and Φq = aR2/3 have been previously used to model avascular tumor growth (see Tab. 1), where the two-171

thirds power law reflects a surface-to-volume ratio that can be biologically interpreted as oxygen diffusing172

through the avascular tumor region surface [56, 57]. In our model, we have that Φp = b((1 − B)R)2/3173

and Φq = a((1−B)R)2/3, where the lethal effect of a radiation dose d on the proliferative and quiescent174

(hypoxic) tumor regions is given by (BR+ Φp) (1− Sp(d)) and Φq (1− Sq(d)), see Eqs. (4) and (6).175
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176

The effect of radiation on tumor-infiltrating effector cells in Eq. (5) is based on experimental data of177

radiation-induced apoptosis in lymphocytes obtained from blood samples after exposure to acute doses178

of 2 to 8 Gy [59]. Apoptosis is one of the dominant modes of cell killing induced by radiation in179

lymphocytes [60], and correlation between the intensity of apoptosis in lymphocytes and radiation dose180

have been reported [59,61]. The experimentally measured dose-response curve of effector cells was fitted181

to a two-term exponential function of the form Se(d) = κ1e
−ρ1d + κ2e

−ρ2d, with κ1 = 0.29, κ2 = 0.71,182

ρ1 = 1.69 Gy−1 and ρ2 = 0.08 Gy−1. The expression (1− Se(d)) represents the fraction of effector cells183

killed by a radiation dose d, see Eq. (5).184

Model linearization185

We linearize the model in Eqs. (1)-(6) around its desired equilibrium point (R∗, E∗, D∗) = (0, σ
d0+1 , 0).186

The tumor size and the fraction of irradiated cancer cells undergoing immunogenic cell death are zero,187

and the concentration of effector cells in the tumor microenvironment is at the steady state point σ
d0+1188

(see Appendix A for further details). Linearization of system variables E and D leads to dE/dt ≡ Ė =189

−d0(E − E∗) and dD/dt ≡ Ḋ = −θD. Around R∗ = 0, linearization of the R dynamics with respect to190

E is washed out leading to the following simplified model191

Ṙ =
1

3
(λMB − λA)R+ λM(1−B)LD

(
1

tanh(R/LD)
− LD

R

)
− cσ

d0 + 1

R

R(1−B) + 1
, t 6= τi (8)

∆R = −(BR+ Φp)(1− Sp(d))− Φq(1− Sq(d)), t = τi (9)

Then, using the Taylor series we obtain192

Ṙ =

(
λM − λA

3
− c σ

d0 + 1

)
R+ o(R2) (10)

as a linear approximation of the tumor radius R dynamics (see Appendix A). The linear approximation193

of ∆R in Eq. (9) is given by194

∆R = [− (B + Φp0
(1−B)) (1− Sp(d))− Φq0

(1−B)(1− Sq(d))]R (11)

where195

Φp0 =
b

((1−B)R0)
1/3

, Φq0 =
a

((1−B)R0)
1/3

, (12)

and R0 is the pre-treatment tumor radius. Supplemental Fig. A1 in Appendix A shows that this linear196

approximation of ∆R is accurate by comparison with the non-linear expression in Eq. (9).197

198

Model linearization allows to significantly reduce the number of model parameters resulting in a simpler199

model easier to interpret and parametrize. This simple models are always desired in both experimental200

and clinical settings for validation and potential use. The immune system dynamics are not considered201

in the linear model in Eq. (10)-(11), but later included in order to accurately reproduce the full model202

predictions (Eq. (23)). Notice that linearization is part of the linear impulsive control theory used to203

linearize the proposed model Eq. (1)-(6), and it is not used for a classical linear stability analysis, but204

rather to devise a dose administration protocol into stabilizing the cancer-free state.205
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Solution of the linear model206

The linear, reduced-order model in Eqs. (10)-(11) can be rewritten in a simplified form as207

Ṙ = AR, t 6= τi (13)

∆R = QR, t = τi (14)

where208

A =
λM − λA

3
− c σ

d0 + 1
, (15)

Q = − (B + Φp0
(1−B)) (1− Sp(d))− Φq0

(1−B)(1− Sq(d)). (16)

We assume fractionated RT protocols as a train of equidistant impulses separated by δ = τi+1 − τi, with209

treatment fractions delivered at times τi. Thus, δ represents the constant inter-fractional time. In this210

context, RT can be interpreted as a stabilization problem with the control objective of reducing R to zero211

by using the linear control gain Q. Based on the stability theorem of linear impulsive control systems [62],212

the system in Eqs. (13)-(14) is stabilized (i.e. the point R = 0 becomes stable) if the following condition213

is satisfied214

A+
1

δ
ln |1 +Q| < 0. (17)

Then, by substituting the expressions of A and Q in Eqs. (15) and (16) into the stabilizing condition in215

Eq. (17), and solving it with respect to d, we have that216

d > ds =
−α+

√
α2 − 12β lnC

2β
, (18)

where ds is the minimum asymptotically stabilizing dose of the linear impulsive control system in217

Eqs. (13)-(14), and C is a function depending on the degree of functional tumor-associated vascula-218

ture B, the tumor-immune system dynamic parameters in Eq. (15), the time between RT fractions δ,219

and the size of the proliferative and hypoxic tumor regions, see Eq. (B7) in Appendix B for more details.220

Notice that ds does not only depend on the radiosensitivity parameters α and β of the LQ model, but221

also on the pre-treatment tumor size R0, functionality of tumor-associated vasculature B and specific222

tumor and immune system parameters.223

224

Beyond the asymptotic stability of the linear system in Eqs. (13)-(14), radiation doses d > ds for tumor225

eradication in a pre-defined number of treatment fractions, such as currently used for fractionated RT,226

need to be derived. For that purpose, we first solve the linear impulsive control system in Eqs. (13)-(14)227

for which the analytical solution is given by228

R(t) = R0 e
A(t−t0) (1 +Q)N(t,t0), t ≥ t0 (19)

where t0 is the time at which the first treatment fraction is applied and N(t, t0) is the number of RT229

fractions (impulses) delivered in the time interval t0 to t. Fig. 2 shows a schematic representation of a230

tumor treated by fractionated RT as described by Eq. (19).231

232

We denote by
◦
R and

•
R the tumor size before and immediately after the delivery of each RT fraction, see233

Fig. 2. Based on Eq. (19), we have that
◦
R and

•
R at time t = 1 + (j − 1)δ, i.e. at the j-th treatment234

fraction, are given by235
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Figure 2: Schematic representation of a tumor treated by fractionated radiotherapy as described by
Eq. (19).

◦
R(t = 1 + (j − 1)δ) = R0 e

A(j−1)δ (1 +Q)j−1, (20)
•
R(t = 1 + (j − 1)δ) = R0 e

A(j−1)δ (1 +Q)j , (21)

where radiation-induced tumor control is assumed if the following condition is fulfilled236

•
R−RN ≤ l, (22)

with l << 1 mm, and RN = (1 − B)
◦
R − Φp − Φq is the radius of the inner necrotic core with no viable237

tumor cells. We define by tE the time from the first treatment fraction delivery at which the condition238

in Eq. (22) is satisfied, i.e. the time of tumor eradication by RT.239

240

Then, the analytical solution in Eq. (19) of the linear system given by Eqs. (13)-(14), together with241

the stop condition in Eq. (22), can be used for two different treatment planning goals/objectives: (i) to242

determine the minimum fractional dose d > ds required for tumor eradication in a certain number of243

treatment fractions, or (ii) to estimate the overall treatment time, i.e. number of fractions, required for244

successful therapeutic outcomes given a pre-defined fractional dose d > ds.245

Incorporating antitumor immune responses into the linear model246

Tumor growth dynamics simulated with the linear model in Eq. (13)-(14) are only limited by the baseline247

recruitment of effector cells. In particular, the death rate of tumor cells owing to effector cells c, baseline248

recruitment rate of effector cells rate σ and natural death rate of effector cells d0 are the only immune249

system-related parameters involved in the linear model formulation, see Eq. (15). We incorporate the250

antitumor immune system responses in the second term of Eq. (15) as follows251

A =
λM − λA

3
− c

(
σ

d0 + 1
+ ΘI(B)

)
, (23)

where ΘI(B) is a linear function depending on B that represents the amount of effector cells recruited252

to the tumor microenvironment in response to tumor burden and immunostimulatory effects of RT.253
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Accumulating evidence supports that dysfunctional tumor vasculature (low values of B) is inhibitory to254

the extravasation of effector cells into the tumor bed and promotes a state of immunosuppression [18,63].255

However, functional reprogramming (increasing values of B), for example by normalization or stress256

alleviation strategies [15,16,64], improves effector cell trafficking in tumors and the efficacy of anticancer257

treatments [63]. Accordingly, we assume that the amount of effector cells recruited to the tumor bed258

(ΘI(B)) depends on the functional degree of tumor-associated vascularity B. The biological consequences259

of immune effector cells are explored by considering key immune system-related parameters such as260

recruitment of immune cells, killing of tumor cells by effector cells, and inactivation/exhaustion of immune261

cells by their cytotoxic action against tumor cells. Moreover, the impacts of immune cell killing by262

radiation and subsequent antitumor immune responses on tumor control are also investigated.263

Results264

Performance analysis of the linear model without antitumor immune responses265

We first assess the linear model without antitumor immune responses in Eqs. (13)-(14) for reproducing266

the results of the full model in Eqs. (1)-(6). To that end, fractionated RT regimens at varying radiation267

doses d are simulated with both models, and the number of treatment fractions required for tumor eradi-268

cation are estimated. Fig. 3 shows the resulting treatment duration for tumor removal tE by considering269

RT fractions given once per day, i.e. δ = 1, and a pre-treatment tumor size of R0 = 15 mm. Both models270

predict that more treatment fractions are required for tumor control with both decreasing radiation dose271

d and degree of functional tumor-associated vasculature B. Model results suggest plausibility that vas-272

cular normalization could used as a radiosensitizer therapeutic strategy to treat localized tumors when273

combined with RT.274

275

Figure 3: Performance comparison of the (A) linear model without antitumor immune responses in
Eqs. (13)-(14) with the (B) full model in Eqs. (1)-(6). Simulation maps show the time to tumor eradication
tE with respect to radiation dose d and degree of functional tumor-associated vasculature B. The white
region in (A) corresponds to tE > 50 days with RT fractions delivered once per day. Simulations were
obtained for a pre-treatment tumor size of R0 = 15 mm, and the remaining parameter values are as in
Tab. 1.

For the simulated tumors in Fig. 3, which are characterized by different degrees of functional tumor-276

associated vasculature B, the linear model without antitumor immunity predicted tumor eradication277
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after longer courses of RT (Fig. 3A) compared to the full model (Fig. 3B). The linear model results in tE278

between 1 and 50 days for the parameter ranges of B and d simulated, while tE ranges from 1 to 14 days279

with the full model. Fig. 3A shows that the linear model estimates eradication of poorly-vascularized280

tumors with B < 0.5 and treated with fractional doses d < 4 Gy after long RT fractionated regimes,281

in some cases with tE > 50 days. On the other hand, predictions of treatment duration from the linear282

model for higher fractional doses are close to those obtained with the full model. Moreover, Figs. 3 also283

shows that both models suggest similar time-dose fractionated RT regimens to control better vascularized284

tumors with B ≥ 0.5. This suggests a critical role of antitumor immune responses in poorly-vascularized,285

and thus more radioresistant tumors, to kill the surviving cancer cells after treatment.286

287

Fig. 4 shows the effect of intrinsic tumor radiosensitivity and the degree of functional vasculature B288

on the predicted dose and number of treatment fractions for tumor eradication. We compare tumors289

characterized by different combinations of radiosensitivity parameter values α and β of the LQ model290

in Eq. (7). This results in different dose-response curves of the LQ model, in which the surviving291

fraction of tumor cells at 2 Gy (S(2), Eq. 7) is a defined value on this curve often used to compare the292

radiation sensitivities of tumors. Comparing Fig. 4A-C to Fig. 4D-F reveals that lower radiation doses293

are required to control well-vascularized tumors compared to poorly vascularized tumors. Moreover,294

modeling results also show that smaller increments on the radiation doses are required to control more295

intrinsically radioresistant tumors as the degree of functional tumor-associated vasculature increases. We296

notice that depending on tumor cell radiosensitivity and vascularity the full model reproduces fractional297

doses routinely used in conventionally fractionated RT, around 1.8 Gy day−1 [65].298

Considering antitumor immunity improves linear model predictions299

In the linear model in Eqs. (13)-(14) tumor growth dynamics and RT responses are not influenced by300

antitumor immune responses. As a result, treatment regimens for tumor eradication resulting from the301

linear model represent an overestimation of the predictions from the full model in Eqs. (1)-(6) as shown302

in Figs. 3 and 4. Fig. 4 shows that differences in the time-dose treatment predictions between the303

linear and full models strongly depend on the degree of functional tumor-associated vasculature B, with304

larger discrepancies in the case of poorly vascularized tumors. These differences can be compensated by305

considering the antitumor effects of the immune system as a linear function (ΘI(B)), which represents306

the amount of effector cells in the tumor microenvironment as a consequence of tumor presence and307

immunostimulatory effects of RT, see Eq. (23). Although, antitumor immune responses also depends308

on the pre-treatment tumor size R0, model simulations evidence that they are more affected by B.309

Thus, we considered ΘI as a function of B. For each simulated parameter combination in Fig. 5, the310

optimal ΘI value minimizing the differences in time-dose treatment predictions between the linear and311

full models are calculated. We found that ΘI accurately correlates with B through a linear relationship312

ΘI(B) = −10.5B+11.8 for the baseline parameter values in Tab. 1. Fig. 5 shows that time-dose predictions313

of the linear model taking into account ΘI(B) accurately reproduce the full model results. Fig. 6 shows314

that tE now ranges from 1 and 19 days in the corrected linear model, while full model predictions of tE315

varies between 1 to 14 days. We highlight that both radiation doses and number of fractions for tumor316

control in Figs. 5 and 6 are in the ranges routinely used in clinical practice [3, 4, 8].317

Impact of immune-related model parameters on ΘI(B)318

We now explore how the linear function ΘI(B) in Eq. (23) depends on two key immune system-related319

model parameters; the killing rate of tumor cells by effector cells (c) and the radiation-induced effector cell320

recruitment rate (η). To that end, we consider 50% change in the baseline value of c = 0.03 cells−1 days−1321

and different order of magnitudes for the baseline value of η = 7.5× 10−4 cells mm−3 days−1, see Tab. 1322

and Fig. 7. For the different value combinations of c, η and B simulated, we estimated the values of ΘI(B)323
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Figure 4: Intrinsic tumor radiosensitivity and degree of functional vasculature B effects on the minimal
radiation dose (d) required for tumor eradication given the number of daily treatment fractions (tE).
Dose-time predictions of the (green) linear model in Eqs. (13)-(14) and (black) the full model in Eqs. (1)-
(6) for different values of B and surviving fraction of tumor cells at 2 Gy (S(2), Eq. 7). The values S(2)
is determined by the LQ model in Eq. (7) with (A-C) α = 0.294 Gy−1 and β = 0.0603 Gy−2, and (D-F)
α = 0.19 Gy−1 and β = 0.044 Gy−2, which are in a range experimentally estimated [58]. Simulations
were obtained for a pre-treatment tumor size of R0 = 15 mm, and the remaining parameter values are
as in Tab. 1.
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Figure 5: Effects of the immune system-related parameter ΘI (Eq. (23)) in the predictions of the linear
model in Eqs. (13)-(14). Dose-time predictions of the (green) linear model and (black) full model in
Eqs. (1)-(6) for different degrees of functional tumor-associated vasculature B and pre-treatment tumor
size R0. For each simulated parameter combination, ΘI values were calculated from the linear relationship
ΘI(B) = −10.5B + 11.8. The remaining model parameters are as in Tab. 1.
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Figure 6: Performance comparison of the (A) linear model in Eqs. (13)-(14) considering antitumor
immune responses given by Eq. (23) with the (B) full model in Eqs. (1)-(6). Simulation maps show
the time to tumor eradication tE with respect to fractional radiation doses d and degrees of functional
tumor-associated vasculature B. The linear relationship ΘI(B) = −10.5B + 11.8 was used to calculate
the values of ΘI in the modified linear model. Simulations were obtained for a pre-treatment tumor size
of R0 = 15 mm, and the remaining model parameters are as in Tab. 1.

that minimize the differences on the time-dose treatment predictions between the linear and full models324

as done in Fig. 5. Fig. 7 shows that there exists a linear relationship between ΘI and B for all investigated325

parameter sets. Moreover, ΘI increases with lower values of B irrespective of c, which evidences a critical326

role of antitumor immune responses for the eradication of radioresistant, poorly-vascularized tumors.327

Fig. 7 also shows that higher values of ΘI(B) are required in the linear model to compensate the effect of328

stronger radiation-induced antitumor immune responses, i.e. by increasing η, in the full model. On the329

other hand, lower values of ΘI(B) are required as c increases due to a more efficient killing of tumor cells330

by effector cells. We notice that ΘI(B) in Fig. 7B, which is determined by the baseline parameter values331

c = 0.03 cells−1 days−1 and η = 7.5× 10−4 cells mm−3 days−1, corresponds to the case shown in Fig. 5.332

A minimal modeling framework for immune-based planning of radiotherapy333

The linear model in Eqs. (13)-(14) coupled with the linear function (ΘI(B)) in Eq. (23) has been demon-334

strated to accurately reproduce time-dose treatment predictions for tumor control of the full model in335

Eqs. (1)-(6). Tumor growth between treatment fractions simulated with the linear model is given by336

Ṙ = (TG − IE)R, where TG = λM−λA

3 is the net tumor growth, IE = c
(

σ
d0+1 + ΘI(B)

)
represents the337

antitumor immune responses, and ∆R = QR models the effect of radiation on the tumor, see Eqs. (13)-338

(14), (16) and (23). Upon an adequate parameter calibration and validation, the resulting linear model339

can be used as a minimal modeling framework (i) to determine the minimum fractional dose required for340

tumor eradication given the number of treatment fractions, or (ii) to estimate the treatment duration for341

cure given a fractional dose, see Fig. 8.342

343

An appropriate tumor profiling, for instance, via tissue biopsy and/or medical imaging techniques is cru-344

cial for the use of decision-support modeling frameworks in RT planning. Image modalities, such as com-345

puted tomography (CT), magnetic resonance (MR) imaging and positron emission tomography (PET),346

provide useful anatomical and functional information of tumors [66]. In particular, clinical imaging al-347

lows to determine the pre-treatment tumor size, estimate metabolic activity and the degree of functional348
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Figure 7: Dependence of the linear function ΘI(B) in Eq. (23) on the killing rate of tumor cells by
effectors c and the strength of radiation-induced immunostimulation η. Simulations were performed for
tE varying between 1 to 35 days and a pre-treatment tumor size of R0 = 15 mm. The remaining model
parameters are as in Tab. 1.

Number of treatment 
fractions (N)

Fractional radiation 
dose (d)

given d

given N

A minimal modeling framework to assist 

decision-making in radiotherapy planning

Outputs
model-based suggested:

Tumor size 

and growth rate

Intrinsic tumor cell 

radiosensitivity

Tumor vascularity 

and hypoxia

Antitumor immune 

responses

Inputs
Measurements of:

·R = (TG − IE)R
tumor growth 

dynamic
antitumor immune 

responses

ΔR = QR

effect of radiation 
therapy

Figure 8: Workflow to assist radiotherapy planning using the proposed modeling framework. The green
boxes at the left represent the (input) data that should be measured / estimated to parametrize the
proposed modeling framework in the central blue box, which then suggests (outputs, red boxes at the
right) the number of treatment fractions N required for tumor control given the fractional dose (d) or
vice versa.

15

                  



tumor-associated vasculature, as well as to estimate proliferation and dispersal rates [67]. Moreover,349

histopathological analysis of tissue samples obtained by biopsies before treatment could be used to assess350

the tumor-immune ecosystem composition [68], determine the extent of tumor vascularity and hypoxia,351

and estimate the net proliferation rate of tumor cells [69]. The radiation effects on systemic antitumor352

immunity and estimates of recruitment rate of tumour-infiltrating immune cells could be derived from353

regular measurements of changes in populations of circulating immune cells during treatment [70].354

355

The proposed modeling framework not only could assist decision making for individualized immune-356

based planning of RT when administered alone, but also in combination with other treatments such as357

chemotherapy or immunotherapy by tuning appropriate model parameters. Modeling results suggest that358

vasculature normalization, i.e. by increasing the model parameter B, is a plausible therapeutic strategy359

to enhance immune cell infiltration into the tumor bed and to reduce hypoxia-mediated radioresistance360

of tumor cells. In addition, combination of RT with a general form of immunotherapy that affects the361

efficacy of antitumor immune system responses, i.e. by modulating the killing rate of tumor cells by362

effector c, could be also simulated.363

Discussion364

Rapidly emerging evidence that radiation enhances both local and systemic antitumor immunity moti-365

vate a profound change in the manner we clinically prescribe radiotherapy (RT) [6, 8, 10–12]. Although366

the potential therapeutic value of considering the synergy between radiation and the immune system367

during treatment planning is apparent, current practice still does not consider it. The proposed mod-368

eling framework intends to contribute towards establishing immune-based decision-support tools in RT369

planning. The goal in this study was to propose a simple model with as few parameters as possible, but370

still taking into account the main factors influencing tumor responses to RT. This model has the minimal371

required ingredients to simulate the immunological consequences of radiation. Such a simple model with372

potentially measurable parameters is needed in order to make it suitable for clinical applications. This373

level of simplicity is necessary and can be sufficient to get reliable clinical predictions [71].374

375

Herein, we present a tumor-immune system interplay model previously calibrated to mouse data of tumor376

growth to simulate the immunological consequences of RT. The effects of tumor-associated vasculature377

on tumor growth dynamics and antitumor immune responses, as well as the impact of intratumoral378

oxygen-mediated heterogeneity on treatment responses were considered. We then implemented a control379

engineering approach, in the context of impulsive control theory, to propose a simplified version of the full380

model as a decision-support system for immune-based RT planning. The resulting modeling framework381

designed to support decision making has a significantly reduced number of model parameters which makes382

it easier to work with and parametrize which is always desired in both experimental and clinical settings383

for validation and use. This framework allows to simulate tumor changes between treatment fractions384

which are determined by a balance between net tumor growth and antitumor immune responses. Model385

simulations demonstrated that the simplified model is able to reproduce the results of the full model386

while involving a reduced number of parameters. We described how this minimal modeling framework387

can be used to determine time-dose fractionation regimens for tumor control by considering the effects388

of radiation on the tumor-immune system interplay. Moreover, we also explored the impact on model389

predictions of relevant parameters that may represent the patient-specific biology of individual patients,390

including tumor vascularity and extend of hypoxia, strength of radiation-induced immune responses or391

pre-treatment tumor size. Although involving few parameters, the proposed modeling framework to as-392

sist decision-making in RT planning needs to be rigorously calibrated on human data and adequately393

validated. In particular, the effects of treatment parameters such as fractional dose and treatment du-394

ration, inter-tumor and inter-patient heterogeneity on induced antitumor immune responses need to be395
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carefully estimated for the potential use of the proposed decision-support tool. Moreover, approaches to396

discern and assess the contribution of tumor-associated vasculature to antitumor immunity and radiation397

responses are required.398

399

While considering the immunostimulatory potential of radiation during treatment planning is promising,400

there are still many challenges ahead [8, 10, 12]. A further understanding of the effects of radiation401

on the tumor microenvironment and underlying immunological processes that regulate both pro- and402

anti-tumor immunity, is urgently needed. Similarly, the precise impact of treatment planning variables403

such as fractional dose, treatment duration and frequency of RT on the tumor-immune ecosystem and404

subsequent immune responses remains unclear. Moreover, future efforts are also required to elucidate405

the radiobiological mechanisms and factors that might be responsible for, and potentially induce, the406

observed off-target immune-mediated antitumor effects of RT (abscopal effect) [12]. We believe, however,407

that progress towards establishing RT protocols considering the immunological consequences of radiation408

would be facilitated by modeling frameworks, which provide a valuable ground for investigating tumor-409

immune cell interactions and evaluate different RT treatment plans. This exploratory study provides410

rationale and motivation for prospective evaluation of the immunogenicity of radiotherapy and continues411

paving the road for the translation of predictive modeling frameworks into clinical research as decision-412

support tools.413
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[34] A. Cappuccio, M. A. Herrero, and L. Nuñez, “Biological optimization of tumor radiosurgery,” Medical513

physics, vol. 36, no. 1, pp. 98–104, 2009.514

19

                  



[35] L. Alfonso, J. Carlos, G. Buttazzo, B. Garćıa-Archilla, M. A. Herrero, and L. Núñez, “A class515

of optimization problems in radiotherapy dosimetry planning,” Discrete & Continuous Dynamical516

Systems-Series B, vol. 17, no. 6, 2012.517
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