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Abstract Cellular automata (CA) are discrete time, space, and state models which
are extensively used for modeling biological phenomena. CA are “on-lattice” models
with low computational demands. In particular, lattice-gas cellular automata (LGCA)
have been introduced as models of single and collective cell migration. The interaction
rule dictates the behavior of a cellular automaton model and is critical to the model’s
biological relevance. The LGCA model’s interaction rule has been typically chosen
phenomenologically. In this paper, we introduce a method to obtain lattice-gas cellular
automaton interaction rules from physically-motivated “off-lattice” Langevin equation
models for migrating cells. In particular, we consider Langevin equations related to
single cell movement (movement of cells independent of each other) and collective cell
migration (movement influenced by cell-cell interactions). As examples of collective
cell migration, two different alignment mechanisms are studied: polar and nematic
alignment. Both kinds of alignment have been observed in biological systems such
as swarms of amoebae and myxobacteria. Polar alignment causes cells to align their
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velocities parallel to each other, whereas nematic alignment drives cells to align either
parallel or antiparallel to each other. Under appropriate assumptions, we have derived
the LGCA transition probability rule from the steady-state distribution of the off-lattice
Fokker-Planck equation. Comparing alignment order parameters between the original
Langevin model and the derived LGCA for both mechanisms, we found different areas
of agreement in the parameter space. Finally, we discuss potential reasons for model
disagreement and propose extensions to the CA rule derivation methodology.
Keywords Lattice-gas cellular automata · Langevin equations · Polar alignment ·
Nematic alignment · Ferromagnetic interaction · Liquid-crystal interaction ·
Single cell migration · Collective cell migration · Fokker-Planck equation
Mathematics Subject Classification 60J20 · 60K35 · 82B44 · 82C21 · 92B25

1 Introduction
Cellular automata (CA) are discrete space, time, and state models. Such models can
show complex behavior, i.e. a macroscopic emergent behavior which may not be
immediately evident from known interactions of its constituents. CA can be viewed
as “mesoscopic” models, which can be regarded either as coarse-grained microscopic
models, or discretized macroscopic models. The interaction rule of CA models is
commonly chosen phenomenologically. There have been efforts to relate micro and
macroscopic models to CA models by deriving appropriate CA rules. In the work by
Weimar and Boon (1994), CA rules were derived to obtain quantitative agreement
with macroscopic models of reaction-diffusion systems. These rules allow CA to be
employed as discrete PDE solvers, thus relating the macroscopic PDE model to the
mesoscopic CA model. In a similar note, the celebrated HPP (Hardy et al. 1973) and
FHP (Frisch et al. 1986) models, although modeling hydrodynamics, were not derived
from microscopic equations of particle motion; but were used to discretely approximate the Navier-Stokes equations. There is at least one instance where CA rules are
based on microscopic physical principles. In a paper by Meyer (1996), a CA rule is
derived for a single-particle quantum system (quantum cellular automaton, QCA) as
well as multiparticle quantum systems (quantum lattice-gas cellular automata, QLGA),
resulting in excellent agreement with quantum theory. QCA and QLGA are examples
showing that CA rules can be rooted in microscopic physical principles. Similarly,
the aim of this paper is to obtain CA rules from microscopic models, using examples
related to biological systems.
A specific type of CA is the so-called lattice-gas cellular automaton (LGCA), the
formerly mentioned HPP model being one of the first examples. In LGCA, each lattice
site can contain several particles, which at each time step are rearranged within the
lattice site according to the interaction rule, and subsequently moved to a neighboring lattice site. In a biological context, particles can be regarded as cells, while the
LGCA rules mimic cell migration and interaction. For this reason, LGCA have been
introduced as mesoscopic models for single and collective cell migration. Collective
cell migration refers to concerted cell movement arising from cell-cell interactions.
An example of cell-cell interaction is steric repulsion, also known as volume exclu-
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sion. It refers to the repulsion felt by two cells when brought very close together, as
they cannot occupy the same space at the same time. It has been shown that steric
repulsion can be crucial to drive collective cell migration (Peruani et al. 2006). Important examples of cell-cell interactions underlying collective cell migration are cell-cell
adhesion, and cell alignment, where a cell’s preferred direction of motion depends on
the neighboring cells’ directions. Regarding the latter, two alignment strategies are
well-known: polar and nematic alignment. Polar alignment describes the tendency
of cells to align parallel to each other (Bonner 1998), and has been seen in physical
systems (Griffiths 1967) as well, where it is known as ferromagnetic (FM) alignment.
On the other hand, nematic alignment refers to cells which tend to align either parallel
or antiparallel to each other, akin to the nematic phase of a liquid crystal (Freiser
1970), and hence known as liquid crystal (LC) alignment. It is observed for example
in biological systems where steric interactions drive the reorientation of spatiallyextended cells (Fischman 1967; Peruani et al. 2006; Welch and Kaiser 2001). Single
cell migration refers to cell movement wherein cells are influenced by environmental
cues rather than by intercellular communication. An example of single cell movement
is the run-and-tumble motion, exhibited by prokaryotes (Berg and Brown 1972) and
eukaryotes (Polin et al. 2009). Single and collective cell migration are involved in
biological processes ranging from swarming of microorganisms, to cancer development and movement of cells of the immune system. It should be noted that groups of
biological cells are always subjected to steric interactions. Numerous CA models have
been used to account for different biological phenomena where single and collective
cell migration is involved, including rippling of myxobacteria aggregates (Alber et al.
2004), chondrogenic patterning (Kiskowski et al. 2004), tissue growth (Binder et al.
2008), tumor invasion (Böttger et al. 2015; Hatzikirou et al. 2012; Simpson et al. 2007)
tumor-immune system dynamics (Kansal et al. 2000; Mallet and De Pillis 2006), and
patterning of enteric neural crest cells (Binder et al. 2012), among others.
In this paper, we construct LGCA rules from microscopic physically-motivated
equations of motion, thus retaining the details of the underlying mechanisms of the
modeled process. The Langevin equations we consider here describe the behavior of
self-propelled particles (SPPs) (Peruani et al. 2008; Vicsek et al. 1995). SPPs have an
intrinsic constant speed, and move in the direction of their orientation, which in turn
changes according to an interaction potential and random fluctuations. We proceed
to model single cell migration from a microscopic equation governing random walk,
as well as cell alignment from equations governing FM and LC alignment, adapted
from Peruani et al. (2008). The Langevin equations characterizing SPPs are individual, microscopic, stochastic differential equations (SDEs) describing the reorientation
of cells due to some interaction potential between them. Subsequently, the FokkerPlanck equation of the time evolution of the probability density function (p.d.f.) of
the orientation of a single cell is obtained from the microscopic SDE. We perform
stability analysis of the steady state solution of the Fokker-Planck equation, to obtain
parameter ranges where it is stable. We translate the steady state p.d.f. into velocity channel occupation probabilities in the LGCA model, to obtain equations for the
post-interaction reorientation probability at each lattice site, given the neighborhood
information. We introduce two observables for comparing the SPP and LGCA models, namely, diffusivity (a measure of cell motility), and alignment order parameters
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(related to the degree of alignment of the whole system). Finally, simulations of the
LGCA models are compared to the original SPP models by means of the aforementioned observables. At low densities and sensitivities (interaction strength-to-noise
ratio), both models show similar ordering, since the models’ behavior is close to a random walk. Outside this region, the parameter space is further divided into two regions,
one with weak alignment agreement, and another with strong alignment agreement.
We conclude by investigating the origin of the division of the parameter space into
different areas of agreement, and discussing possible extensions to the rule derivation
methodology.

2 Single cell and collective cell migration modeling strategies
In the following, we will first review important characteristics of Langevin equations,
and their specific form in the SPP model. Langevin equations will be later used to
derive interaction rules for LGCA models.
2.1 Langevin equations
Langevin equations can describe the individual motion of a biological cell (Smith et al.
2006; Wittkowski and Löwen 2012) under some interaction potential, containing a
stochastic term, which can be thought of as uncertainty due to unknown factors (e.g.
“biological noise”). Langevin equations can be considered as microscopic, stochastic
extension to Newton’s second law of motion (Langevin 1908). While the deterministic
Newtonian second law of motion describing a body’s movement (in this case, cell
movement) has the form
dp
= F,
dt
where p ∈ R3 is the momentum, F ∈ R3 is an external force, and t ∈ R+ is time,
the Langevin equation describes the time evolution of a certain stochastic variable (a
“microscopic state variable”, akin to the momentum p), y ∈ Y ⊆ R, and reads (for
univariate systems) (Kawasaki 1973):
ẏ(t) = f (y) + g(y)ξ(t),

(1)

where f (y) : Y → R is the drift term (corresponding to the external force F = −∇U ,
where U is the potential of the force field F), g(y) : Y → R is the diffusion term
(describing the evolution of fluctuations), and ξ(t) : R+ → R is a white noise term
(thought of as “random forces” by Langevin) with the following properties:
ξ(t) = 0
ξ(t1 )ξ(t2 ) = 2D y δ(t1 − t2 ),

(2a)
(2b)

where t ∈ R+ is time, t1 , t2 ∈ R+ : t1 ≤ t2 , and D y ∈ R+ is the diffusivity of the
random variable y.
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2.1.1 Self-propelled particle model
The self-propelled particle (SPP) model is commonly used for modeling the dynamics
of active (persistently moving) particles and cells. Some biologically motivated SPP
models include swarming of organisms with a limited field of view (Newman and
Sayama 2008), and differential-adhesion-driven cell sorting (Belmonte et al. 2008).
The SPP model equations of motion (as described in Vicsek et al. 1995) can be written
as Langevin equations where the stochastic variable y = θm describes the orientation
of the m-th individual. In an overdamped situation, e.g. in a highly viscous medium
for swimming cells (though other kinds of cells behave as colloidal particles as well,
see Angelini et al. 2011), the m-th cell of the system moves with a constant speed
v0 ∈ R+ and orientation θm (t) ∈ [0, 2π ) varying according to some potential and
some noise, and its equations of motion read (Peruani et al. 2008):
ẋm = v0 v(θm )
∂U (xm , θm )
+ ξm (t),
θ̇m = −γ
∂θm

(3a)
(3b)

where xm ∈ Rd is the cell’s position, v(θm ) ∈ Rd is a unit vector pointing in the
direction of the cell’s displacement, γ ∈ R+ is a relaxation constant, ξm (t) is a white
noise term, and U (xm , θm ) : Rd × [0, 2π ) → R is the potential according to which
the cell reorients, and which ultimately dictates the behavior of the model. Eqs. 3a and
3b are related by the unit vector v(θm ), which has the following form:
v(θm ) = (cos θm , sin θm ).
In particular, single cell movement, which refers to movement of cells independent
of one another, can be modeled under the SPP framework. Run-and-tumble motion
is an example of random walk and single cell migration. In run-and-tumble motion,
cells move randomly and independently of each other, and the potential has the form:
U R (xm , θm ) = 0.

(4)

Run and tumble can then be modeled by the following Langevin equation:
θ̇ = ξm (t),

(5)

that is, the change in orientation is not subjected to any orientation potential, but
rather fluctuates stochastically. Other examples of single cell movement, independent
of cell-cell interactions, but dependent on extrinsic environmental information, are
haptotaxis, and some types of chemotaxis (Dickinson and Tranquillo 1993; Spudich
and Koshland 1976).
During collective cell migration, cells move aided by cell-cell interactions. These
can be modeled as a non-zero orientation potential depending on the cells within the
interaction neighborhood. Cell alignment is a particular cell-cell interaction giving rise

123

J. M. Nava-Sedeño et al.

to collective cell migration, in which the orientation of any cell is influenced solely
by its neighbors’ orientations. There are two physical analogs for cell alignment: FM
and LC alignment. These kinds of alignment were first observed in physical systems,
but have also been identified in biological systems, as mentioned previously. The FM
orientation potential has the following form (Peruani et al. 2008):
U F (xm , θm ) = −



cos(θm − θ j ),

(6)

|xm −x j |<ε S P P

where ε S P P is the neighborhood radius and determines the range of the interaction.
The potential in the case of LC alignment has the following form (Peruani et al.
2008; Lebwohl and Lasher 1972):
U L (xm , θm ) = −



cos2 (θm − θ j ).

(7)

|xm −x j |<ε S P P

A graphical representation of a SPP model cell moving under run-and-tumble, as well
as ferromagnetic and liquid-crystal potentials is illustrated in Fig. 1.
2.2 LGCA
As mentioned before, cellular automata are discrete space, time, and state models.
Cellular automata are specified by (Deutsch 2017):
– an underlying regular lattice L,

Fig. 1 Change in orientation in the Langevin model under three different interaction potentials. The same
interaction neighborhood configuration (defined by the neighborhood radius ε S P P ) can change the cell’s
orientation in different ways according to the interaction potential. The run-and-tumble potential U R is
independent of the cell’s orientation, so the cell will choose a random direction (top). The FM potential U F
will change the cell’s velocity preferentially towards the mean direction of the neighboring cells (middle)
while the LC potential U L will change the cell’s velocity towards either the mean direction of the neighboring
cells or against it (bottom)
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– a discrete set of states E,
– an interaction neighborhood template N , and
– a transition rule R.
In CA, the physical space is partitioned into a regular lattice L ⊂ Rd , where d is
the space dimension. In LGCA, each site, called a node, has a position r ∈ L, b is
the number of nearest neighbors determined by the lattice geometry (b = 2 for a 1D
lattice, b = 3 for a triangular lattice, b = 4 for a square lattice, b = 6 for a hexagonal
lattice), and cj ∈ Rd are velocity channels, which point to the nearest neighbors,
defined as


2π j
2π j
, sin
, 0 ≤ j < b.
cj = cos
b
b
The neighborhood template N defines the interaction neighborhood N = N (r = 0).
Then, N (r) = N + r. For example, the von Neumann neighborhood in a 2D square
lattice is:


N (r):= r + cj ∈ L : 0 ≤ j < b .
In addition to the velocity channels cj , 0 ≤ j < b, defined before, there is a variable
number b0 of rest channels at each lattice site cj = {0}b0 , b ≤ j < b + b0 . Each node
channel cj may or may not be occupied at each time step, i.e. the occupation s j of
channel cj is Boolean: s j ∈ {0, 1}. Therefore, each node can contain up to κ = b + b0
cells, and the state of a node s ∈ E, E = {0, 1}κ is given by:
s = (s0 , . . . , sκ−1 ).
κ is called the node capacity, and confers effective volume exclusion on LGCA. The
stochastic process η : L × N → E, called the node configuration, determines the state
of the node r at a time step k (Fig. 2), i.e.: η(r, k) = s. The number of cells in a state
s is calculated as follows:
n(s):=

κ−1


sj

j=0

Fig. 2 Node structure in LGCA.
The occupied channels in node r
are shown in gray. There are no
rest channels (b0 = 0). κ = 4. A
realization is shown, where s =
(s0 , s1 , s2 , s3 ) = (0, 1, 1, 1),
n (s) = 3
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and the neighborhood configuration is defined as:
ηN (r) (k):=(η(rj , k))rj ∈N (r) = sN .
The dynamics of the LGCA model is defined by a stochastic interaction step,
followed by a deterministic propagation step applied at each time step k.
During the interaction step, a post-interaction configuration, ηR (r, k) = sR , is
constructed according to a predefined interaction rule, R (sN ). The node configuration η(r, k) = s is then replaced by the newly constructed interaction configuration
ηR (r, k) = sR with a probability P(s → sR , sN ) which depends on the state of
the neighborhood sN . During the propagation step, all cells (except for cells in rest
channels) are simultaneously translocated to a neighboring node depending on the
channel they reside in:
η j (r + cj , k + 1) = ηR
j (r, k).
2.2.1 Boundary conditions
CA are simulated on finite lattices. For this reason, it is necessary to define the
interaction neighborhood of nodes at the boundaries. Examples are fixed, reflecting,
absorbing, and periodic boundary conditions. In this work, we will focus on periodic
boundary conditions.
Periodic boundary conditions can be used to approximate infinite systems. They are
created by joining opposite ends of the lattice, typically resulting in a toroidal manifold
(Fraser et al. 1996). The construction of a toroidal manifold is not unique, however. In
particular, for a 2D hexagonal lattice, different tori can be described with a four-index
system (n, m, p, q) (Bovin
et al. 2001), as follows.
Two hexagonal lattice vectors are
√
√
3
3
1
1
defined: a1 = ( 2 , − 2 ) and a2 = (− 2 , − 2 ), assuming the lattice spacing ε = 1.
The toroidal manifold is completely defined by two vectors, Ch and T, and thus can
be labeled by the two coefficients of both vectors. The chiral vector
Ch = na1 + ma2 ,
runs along the circumference of the torus and dictates the direction along which the
lattice will be rolled up to create a tubular manifold. The second vector, called the
twist vector
T = pa1 + qa2 ,
defines the lattice points of the tubular manifold which will be joined together to
construct the toroidal manifold.
Examples of such hexagonal toroidal topologies are the “armchair” torus (an
(8, 8, 16, −16) torus in the four-index notation), and the “zigzag” torus (a twisted
(16, 0, 16, −16) torus), depicted in Fig. 3. The main difference between these two
topologies is that a cell moving along a constant lattice direction in the armchair
topology will only be able to complete a circular, closed trajectory along two of the
six lattice directions, whereas in the zigzag topology, closed circular paths are possible
in four out of six possible lattice directions.

123

Extracting cellular automaton rules from physical…

(a)

T

Ch

(b)

T

Ch

Fig. 3 Hexagonal lattices with periodic boundary conditions and different toroidal topologies. a “Armchair”
topology, b “Zigzag” topology. A node (dark shade) and its first neighbors (light shade) are shown in distinct
colors for each boundary in each topology

3 Results
In this section, we present the derivation of LGCA interaction rules for random walk,
FM alignment, and LC alignment, as well as simulation results of the corresponding
Langevin models and the derived LGCA models.
3.1 Derivation of a general interaction potential
As a starting point, we recall that Langevin equations describe Markov processes
since the previously stated properties of the noise ξ(t) imply abscence of memory,
i.e. no time correlations (Van Kampen 1981). The Langevin equation’s Markovian
nature allows us to describe transitions of the stochastic variable by a master equation.
In particular, the Langevin equation dynamics can be expressed as a Fokker-Planck
equation after the application of a Kramers-Moyal expansion of the corresponding
master equation (Gardiner 1985):
∂
∂2
∂ P(y, t)
= − [ f P(y, t)] + D y 2 [g 2 P(y, t)]
∂t
∂y
∂y

(8)

in the sense of Itō, and


∂ P(y, t)
∂
∂
∂
= − [ f P(y, t)] + D y
g
(g P(y, t))
∂t
∂y
∂y
∂y

(9)

in the sense of Stratonovich, where y is the random variable (θm in SPP), D y ∈ R+ is
the diffusivity of the random variable (Dθ in SPP), P(y, t) : Y × R+ → [0, 1] is the
probability density function (p.d.f.) of the random variable y (referred to as P in the
following), and f and g are the drift and diffusion terms of the Langevin equation,
respectively, as defined in Sect. 2.1. For the SPP model, we only need to derive rules
from the Langevin equation describing the cell orientation, as the speed of all cells is
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assumed to be identical and constant. If we substitute Eq. 3b into either Eq. 8 or Eq.
9, we obtain the following equation:
∂P
∂
=γ
∂t
∂θm




∂U
∂2 P
P + Dθ 2 .
∂θm
∂θm

(10)

If we assume fast relaxation times for the solution of the Fokker-Planck equation, then
one can take the p.d.f. of the steady state, P(θm ), as the probability of cell m to have
an orientation θm .
The next step is to relate this probability to a node configuration probability. For
this, we identify θm with the argument of the unit vector pointing towards the direction
of the cell’s displacement, i.e. θm = arg(vm ), so that the probability can be expressed
as P(vm ) := P (θm = arg(vm )).
Given that the velocity is constant and the direction of motion is totally defined by
the orientation of the cell, we can identify the (instantaneous) cell displacement v(θm )
by an occupied velocity channel in LGCA, cm , as it fully determines the translocation
of the cell during the propagation step. Due to the velocity discretization in LGCA,
cells in the Langevin model with an orientation arg(cm ) − a1 ≤ θ ≤ arg(cm ) + a2 ;
a1 , a2 ∈ R+ , would be described in the LGCA model as occupying the same velocity
channel cm . The probability of occupying velocity channel cm in LGCA can then be
calculated as
arg(cm )+a2

P(cm ) =

P(θ )dθ.
arg(cm )−a1

We now assume that we can choose the integration interval [arg(cm )−a1 , arg(cm )+a2 ],
such that, by the mean-value theorem,
P(cm ) = K · P(arg(cm )),
where K = a1 + a2 is the size of the integration interval. We shall asume that K is
identical for all velocity channels.
If we assume that the occupation of velocity channels is uncorrelated, then the node
configuration probability follows a multinomial distribution:
P (s) =

1
Z

b−1

P(cm )sm ,

(11)

m=0

where Z is the normalization factor which has the following form:
Z=

 b−1
s
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where s in the summation is constrained to configurations with the same number of
cells n(s ), n(s ) = b−1
m=0 sm .
If the drift term in Eq. 10 is non-zero, we can further simplify before plugging in
the interaction potential. With non-zero drift, we have for the steady state:
∂
γ
∂θm




∂U
∂2 P
P + Dθ 2 = 0,
∂θm
∂θm

(13)

which, after integration, yields the following:
P(θm ) = C0 exp (−βU (θm )),

(14)

where β = γ /Dθ . Inserting this into Eq. 11 and absorbing the integration constant C0
in the partition function Z , one obtains the following expression:
1
P (s) =
Z
=

b−1

{C0 exp [−βU (cm )]}sm
m=0

1
Z̃

exp −β

b−1


(15)
[U (cm ) · sm ] ,

m=0

where Z̃ is the normalization constant in which the integration constant was absorbed.
In order to account for possible discrepancies between the original Langevin model
and the derived LGCA model, it is important to summarize the assumptions made
during the derivation:
– The relaxation time of the Fokker-Planck solution is smaller than the LGCA time
step.
– P(arg(cm )) is the mean value of P(θm ) in the interval [arg(cm )−a1 , arg(cm )+a2 ].
– The size of the integration interval, K , is identical for all velocity channels.
– The on-node occupation probabilities of all velocity channels are uncorrelated
(mean-field assumption).
3.2 Run-and-tumble migration
In the case of the run-and-tumble Langevin equation (Eq. 10), U R (xm , θm ) = 0, we
obtain the following Fokker-Planck equation:
∂P
∂2 P
= Dθ 2 ,
∂t
∂θm

(16)

which represents angular diffusion. The equation for the steady state then reads:
∂2 P
= 0.
∂θm2

(17)
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The solution of the aforementioned ordinary differential equation, P(θm ), depends
linearly on θm , i.e. P(θm ) = A · θm + B, where A and B are constants. Applying
periodicity restrictions, i.e. P(0) = P(2π ), it follows that A = 0 and therefore
P(θm ) = P(cm ) = B is constant.
Substituting in Eq. 11, and assuming mass conservation, we obtain the following
probability:
b−1
B n(s)
1
1
B sm =
=
,
(18)
P (s) =
Z
Ns
Ns B n(s)
m=0

 b 
is the number of different states s with the same number of cells
where Ns = n(s)
n(s), i.e. any permutation of the state s is equally probable. Eq. 18 is the probability
distribution of the mixing operator used in the interaction step of the LGCA model
studied by Lawniczak (1997).
An example of equivalent configurations in the Langevin and LGCA models is
depicted in Fig. 4.
3.2.1 Steady state stability analysis
The orientation probability of the steady state in the Langevin model was used to
calculate the transition probabilities in LGCA. We now analyze the stability of the
steady state solution of the Fokker-Planck equation, to obtain the parameter ranges
where the derived LGCA rule is a valid aproximation of the off-lattice model.
We first construct a probability density function P(θm , t) as our steady state solution
plus a small perturbation:

(a)

(b)

Fig. 4 Cell configurations and cell neighborhood in a Langevin model and b LGCA model. The position
of the cell xm ∈ Rd in the Langevin model is analogous to the occupied node’s position within the lattice
r ∈ L. The unit displacement vector v(θm ) analogue in LGCA is the occupied velocity channel cm . The
interaction neighborhood in the Langevin model is defined by the interaction radius ε S P P , while in LGCA
it is defined by the neighborhood N (r) (von Neumann neighborhood in this example)
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P(θm , t) = P + P̃(θm , t),

(19)

where P = B, 0 ≤ B ≤ 1 constant, is the steady state solution we obtained from
Eq. 17, and P̃(θm , t) is the perturbation (short-hand notation P̃). Substituting in Eq.
16 we obtain the following equation:
∂ 2 P̃
∂ P̃
= Dθ 2 .
∂t
∂θm

(20)

We now transform the equation into Fourier space:
∂ P̂(q, t)
=F
∂t



∂ 2 P̃
∂θm2


= Dθ (iq)2 P̂(q, t),



where P̂(q, t) = F P̃(θm , t) . Using the ansatz P̂(q, t) = eλ(q)t P̂(q) and dividing
by P̂(q, t) everywhere, we obtain the following equation for the spectrum of λ:
λ(q) = −Dθ q 2 .

(21)

Given that the wavenumbers q 2 > 0, ∀q ∈ R, Eq. 21 implies that λ < 0, ∀ q. This
indicates that perturbations always die out, i.e. our steady state solution is always
stable. Given that the LGCA transition probability was derived from the Langevin
model’s steady-state p.d.f., this result indicates that the degree of agreement between
the Langevin model and the derived LGCA model should be independent of any model
parameters.
3.2.2 Comparing Langevin and LGCA model observables
In random walk, and in general diffusive processes, the diffusion constant, D, is a
measure of the “amplitude” of a cell’s fluctuations. Mathematically, the diffusion
constant determines the correlation between the spatial and temporal scales. For an
LGCA model of random walk migration (Deutsch 2017), this is given by:
ε2
= D,
ε→0 2dτ
lim

(22)

where d is the dimension of space.
In CA, ε is the lattice size, whereas τ is the time step length. When implementing
SPPs computationally, calculating the diffusion constant is analogous to calculating it
in CA, since the cell speed, v0 , is constant, and as such, the instantaneous displacement
is constant and given by Δx = v0 · Δt, where Δt is the SPP simulation time step.
Then,
D=

(v0 · Δt)2
1 2
=
v Δt.
2dΔt
2d 0
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Consequently, the diffusion constant in both models is equal if the velocity v0 is such
that:

ε2
.
(23)
v0 =
τ Δt
Choosing the velocity of the SPP model in this way therefore guarantees equivalent
diffusive behavior in both models.

3.3 FM alignment
In this case, the orientation potential, U F , is a function of cos(θm − θ j ), where m and j
are the indices of two different interacting cells. We recall that both the cell’s velocity
vector vm and the velocity channels cm are unit vectors, so we can immediately identify
cos(θm − θ j ) = vm , vj  = cm , cj , obtaining:


U F (xm , cm ) = −

cm , cj .

(24)

|xm −x j |<ε S P P

 If we assume that the interaction neighborhood in the Langevin model,
x j :| xm − x j |< ε S P P , is equivalent to the neighborhood N, we can substitute
Eq. 24 in Eq. 15 to obtain:
⎧
⎞
⎡⎛
⎤⎫
b−1
b−1
⎨
⎬



1
⎣⎝
P (s, sN ) = exp β
cm , cj  · s j (r )⎠ · sm ⎦ .
⎩
⎭
Z̃
m=0
r ∈N j=0
Using the linearity of the internal product, this can be further simplified to:
P (s, sN ) =

1
Z̃

exp [βj(s), j(sN )] ,

(25)

where
j(s) =

b−1


cm sm , and

(26a)

m=0

j(sN ) =

b−1
 

cm sm (r )

(26b)

r ∈N m=0

are the fluxes of the present node and of its neighborhood, respectively. Eq. 25 is
identical to the transition probability proposed by Bussemaker et al. (1997).
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3.3.1 Steady state stability analysis
For a non-zero interaction potential, the time evolution of the perturbation to the steady
state reads:


∂U
∂
∂ 2 P̃
∂ P̃
=γ
(27)
P̃ + D 2 .
∂t
∂θm ∂θm
∂θm
In Fourier space, Eq. 27 becomes:
λ(q) P̂ = −

$
qγ # 
q Û ∗ P̂ − Dq 2 P̂,
2π

(28)

where Û (q, xm ) = F (U (θm , xm )) and f ∗ g denotes the convolution of f and g.
To calculate the convolution, we first need to calculate the Fourier transform of
Eq. 6. In order to simplify the calculation, we rewrite the potential with the help of
trigonometric identities as:
⎛
⎞

cos θ j ⎠
U F (xm , θm ) = − cos θm ⎝
⎛

|xm −x j |<ε S P P



− sin θm ⎝

⎞

(29)

sin θ j ⎠ ,

|xm −x j |<ε S P P

which we transform to obtain:


Û F (xm , q) = −π C [δ(q − 1) + δ(q + 1)] − i S [δ(q − 1) − δ(q + 1)] , (30)
where δ(q) is the Dirac delta function, C
|xm −x j |<ε S P P sin θ j .

=

|xm −x j |<ε S P P

cos θ j , and S

=

Given the terms δ (q ± 1) in the transformed potential Û F (xm , q), the eigenvalues
λ(q) depend explicitly on the wavenumber q = 1. For the stability analysis, we are
interested in the maximum eigenvalue contribution. Therefore, we evaluate at q = 1
to obtain λ(1):
% # 
$2

 
&
− S Re P̂(1) Im P̂(1)
γ C Im P̂(1)
Re (λ(1)) =

# 
$2 # 
$2
Re P̂(1)
+ Im P̂(1)

− D.

(31)

We want to investigate the conditions under
which
becomes unstable,

  the solution

i.e. Re (λ(1)) > 0. The mixed term Re P̂(1) Im P̂(1) can be negative and thus
stabilizing

depending on the perturbation. We will consider perturbations of the form
arg P̂(1) = 3π
4 + nπ , n ∈ Z, which are always destabilizing. Using this kind of
perturbations, the instability criterion becomes:
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γ
(C + S ) − D > 0.
2

(32)

When all cells in the neighborhood are homogeneously oriented, the term C +S = 0,
and Eq. 32 is never fulfilled, so the steady state solution is always stable. When all
cells are oriented head to head, under an appropriate frame of reference C + S = Nε ,
where Nε is the number of cells in the neighborhood of the m-th cell. Substituting this
value in Eq. 32 yields:
1
γ Nε − D > 0.
(33)
2
We define the neighborhood density ρ:= π εN2ε . Substituting ρ and β =
SPP

γ
D,

and

rearranging terms, we arrive at the instability condition under FM alignment:
ρ>

2
π ε2S P P β

.

(34)

This expression is identical to that found by Peruani et al. (2008), where Eq. 34 was
derived as the instability condition of the homogeneous angular distribution, for the
same Langevin model and interaction potential U F , under the mean-field assumption.
Furthermore, Eq. 34 is qualitatively similar to the instability condition found by Bussemaker et al. (1997) for a lattice-gas cellular automaton with transition probabilities
given by Eq. 25.
3.3.2 Comparison of Langevin and LGCA model observables
Two different observables are used to compare the agreement between the Langevin
equation model, and the LGCA model. The FM order parameter, S F (t) and the LC
order parameter S LC (t), which measure degrees of alignment of the whole system at a
certain time t. The FM order parameter measures whether there is a favored direction
in the system. It takes the following form (akin to the ferromagnetism condition in
Mermin and Wagner 1966):
'
(*
+2 * N
+2
( 
N

(
1
S F (t) = )
vx (t) +
v y (t) ,
N
k=0

(35)

k=0

where N is the number of cells in the system, vx (t) = cos θmt and v y (t) = sin θmt . S F (t)
equals one when all cells have the same orientation, and zero when their orientations
are homogenously distributed.
The LC order parameter, on the other hand, measures whether cells are aligned
along a single axis, i.e. it has a value of one if all cells have an orientation θ or θ + π ,
or 41 if there are as many cells with an orientation θ as there are cells with an orientation
θ ± π2 . This characteristic makes the LC parameter suitable for measuring order in
apolarly orienting systems. It has the following form (Doi and Edwards 1986):
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(a)

(b)

(c)

Fig. 5 Classification of cell configurations by FM and LC order parameters. a If most cells are aligned
front-to-front to each other, both FM and LC order parameters will be close to their maximum value of 1.
b If most cells are aligned front-to-back to each another, the LC order parameter will still be close to one,
while the FM order parameter will be close to its minimum value of 0. c If cells are disordered, that is, if
there is no preferred axis of orientation, then both FM and LC parameters will be close to their minimum
value of 0 and 0.25, respectively

'
⎫
⎧
(
N
(
⎬
⎨
1
1
3
1
(
2 (t)v 2 (t) − v (t)v (t)v (t)v (t) . (36)
S LC (t) = + ) + 2
vxi
xi
yi
x
j
y
j
yj
⎭
4 2 4
N ⎩
i, j

The relation between order parameter values and cell configurations is ilustrated in
Fig. 5.
Langevin and LGCA simulations were performed with C++ code written in-house.
The lattice parameter ε in LGCA and the interaction radius ε S P P in the Langevin
model were chosen to be equal (0.25 length units) such that both interaction neighborhoods were approximately equal, as was the total simulated time (31 time units).
The diffusivity of both models was fixed at D = 1. In LGCA, the lattice was 60 × 60
sites in size, with a hexagonal geometry, no rest channels, and the interaction neighborhood consisted of only the nearest neighbors. A hexagonal lattice was used instead
of a square lattice to reduce anisotropies Frisch et al. (1986). The simulation was 1000
time steps in total in LGCA, with a time step length of 0.015625 time units (resulting
from Eq. 22). In the Langevin model, the time step was chosen to be five times smaller
than the LGCA time step to allow for relaxation of the system (such that using the
p.d.f. of the steady state in our derivation is valid), resulting in a time step length of
0.003125 time units, and a total simulation length of 5000 time steps. In the Langevin
model, the simulation area was 15 × 15 length units in size. All simulations were
repeated 40 times. Periodic boundary conditions were used in both models. We carried out LGCA simulations on “armchair” and “zigzag” lattices to identify possible
differences in different topologies.
The cell density in LGCA is the packing fraction, meaning the occupied fraction of
the total number of channels, and as such, goes from 0 (empty lattice) to 1 (completely
filled lattice). In order to have the same number of cells in the Langevin model as in
the LGCA model, the number of cells in the Langevin model was defined as:
,
N=

bρ R X RY
ε2

,
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Fig. 6 Comparison of S F parameter values between Langevin and LGCA models with FM alignment. The
axes indicate the values of the density ρ, and sensitivity β parameters used for each pair of simulations.
The pointed line divides the parameter space into a region where the steady state orientation p.d.f. in the
Langevin model is stable (below the curve) and unstable (above the curve). LGCA topology is zigzag (left)
and armchair (right). Three regions can be observed: A random walk limit, B stable steady state solution
to the Fokker-Planck equation describing the Langevin model, and C unstable steady state solution to the
Fokker-Planck describing the Langevin model

where b is the number of channels in the LGCA model, ρ is the LGCA packing
fraction, R X and RY are the sizes of the horizontal and vertical sides of the entire
simulation area in the Langevin model, and ε is the lattice parameter in the LGCA
model.
We started by performing equivalent (i.e. same density and sensitivity) Langevin
and LGCA simulations for FM alignment. Density (ρ) and sensitivity (β) values were
varied to sample the parameter space. Tables S2 and S3 (supplementary material) show
the values obtained for FM and LC parameters.
The degree of polar alignment in the two models was compared by evaluating S F (t)
at the end of the simulation, as it has typically already achieved a stable value by this
time. To better understand the trend of agreement, one needs to recall Eq. 34. The
density ρ in this inequality is the physical density (number of cells per unit area).
However, the density used in our simulations (due to the volume exclusion included
in LGCA) is the packing density (occupied sites divided by total number of sites
available). Remembering that in LGCA the maximum number of cells per node is κ,
the number of velocity channels, Eq. 34 can be rewritten in LGCA terms as:
ρ>

2
.
κβ

(37)

As shown in Fig. 6, good agreement under FM alignment is seen for parameter
combinations almost exclusively where the steady state p.d.f. (Eq. 14) is unstable with
respect to the homogeneous distribution. Outside this region, the orientation probability distribution in the Langevin model is a unimodal exponential, while inside
the region, the orientation probability is dominated by perturbations of mode q = 1
(which defines a non-zero distribution only at orientations θ = 2nπ , n ∈ N), resulting
in a delta distribution around the preferred orientation (Fig. 7), and global polar ordering. This makes the agreement between the Langevin and LGCA models better, as it
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Fig. 7 Orientation distribution in the FM Langevin model at the end of the simulation. Parameters a
ρ = 0.2, β = 1, b ρ = 0.2, β = 3. The cell fraction indicates the number of cells with a certain orientation
divided by the total number of cells

effectively discretizes the orientations in the Langevin model, by only allowing a single orientation to survive. The small region of agreement near the origin is the random
walk limit, where the interaction is not strong enough to prevent random diffusion.
As before, the lattice geometry does not alter the agreement behavior significantly;
the only observable effect being that the disagreement between models in the stability
region is more widespread with a zigzag topology.
3.4 LC alignment
Analogously to the FM potential, we can rewrite the LC potential in the following
way:
U L (xm , vm ) = −



vm , vj 2 .

(38)

|xm −x j |<ε S P P

Plugging Eq. 38 into Eq. 15 we obtain:
⎧
⎡⎛
⎞
⎤⎫
b−1
b−1
⎨ 
⎬

⎣⎝
P (s, sN ) = exp β
cm , cj 2 · sN j ⎠ · sm ⎦ .
⎩
⎭
Z̃
m=0
N j=0
1

Following similar steps as in the case of FM alignment, we can further simplify this
to:
P (s, sN ) =

1
Z̃

$/
. #
exp β Ω + j(s), j(sN )2 ,

(39)
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where Ω is the potential for second order terms with the following form:
Ω=






− 2cm , cj ck , cl sN j sN l sm sk .

(40)

m, j,k,l:m=k∨ j=l

3.4.1 Steady state stability analysis
The stability calculation is analogous to the one performed for FM alignment, up to
Eq. 28. At this point we now need to calculate Û (q, xm ) to perform the necessary
convolution operation. As before, we can rewrite Eq. 7 using trigonometric identities:
⎛
⎞

1
Nε
− cos 2θm ⎝
cos 2θ j ⎠
U L (xm , θm ) = −
2
2
|xm −x j |<ε S P P
⎛
⎞

1
sin 2θ j ⎠ .
− sin 2θm ⎝
2

(41)

xm −x j |<ε S P P

Using this form, we can readily calculate its Fourier transform:
Û L (xm , q) = −π Nε δ(q) −
+

π
C [δ(q − 2) + δ(q + 2)]
2

iπ
S [δ(q − 2) − δ(q + 2)] ,
2

(42)

where C and S are now defined as C =
|xm −x j |<ε S P P cos 2θ j , and S =
sin
2θ
.
As
before,
with
Eq.
42
we
can obtain the real part of the
j
|xm −x j |<ε S P P
eigenvalue, now for the wavenumber k = 2:
% # 
$2

 
&
2γ C Im P̂(2)
− S Re P̂(2) Im P̂(2)
Re (λ(2)) =

# 
$2 # 
$2
Re P̂(2)
+ Im P̂(2)

− 4D.

(43)



We now use perturbations of the form arg P̂(2) = 3π
4 + nπ , n ∈ Z baased on the
same arguments as for FM alignment, to arrive at the following instability condition
for LC alignment:
γ (C + S ) − 4D > 0.

(44)

As with FM alignment, when all cells in the neighborhood are homogeneously oriented, C + S = 0, in which case Eq. 44 is never satisfied, indicating that the
steady-state solution is stable. The opposite situation in this case is when all cells in
the neighborhood are oriented head to head and/or head to tail (due to the factor of 2
in C and S ), in which, under the right frame of reference, C + S = Nε . Using this
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value, and the definition of ρ and β in Eq. 44, we get the instability condition for LC
alignment:
4
.
(45)
ρ>
2
π εS P P β
This expression was also found by Peruani et al. (2008) as the instability condition for
the same Langevin model and interaction potential U L , under the mean-field approach.
3.4.2 Comparison of Langevin and LGCA model observables
Simulation results with FM and LC parameter values are reported in Tables S4 and S5
(supplementary material). For comparing the degree of alignment, the LC parameter
was used rather than the FM parameter. In LGCA with a hexagonal lattice, however,
there are no orthogonal velocities, as all velocity channels have a polar angle of a
multiple of π3 , meaning that the LC order parameter, S LC , never reaches its minimum
value of 0.25, but a higher value. To be able to compare the nematic ordering of the
Langevin model with that of the LGCA model, we propose a renormalization of the
S LC parameter in the following way:
Š LC (t) =

LC
S LC (t) − Smin
LC
1 − Smin

∈ [0, 1],

(46)

LC is the minimum possible value of S LC (t) in the particular model. In the case
where Smin
of continuous models like the Langevin model, this would be the expected minimum
value of 0.25, whereas for a hexagonal lattice, the value would be approximately
0.775 (Table S1, supplementary material). It is straightforward to see that Š LC (t) = 0,
when cell orientations are homogeneously distributed, and Š LC (t) = 1, when they
are oriented along the same axis. The simulations were performed under the same
conditions as with FM alignment.
To compare the Š LC parameter values in both models, we again refer to the stability
condition of the steady state p.d.f. Rewriting Eq. 45 in LGCA terms as with FM
alignment, we get the following inequality:

ρ>

4
.
κβ

(47)

As in the case of FM alignment, agreement is found mainly in the instability region,
with a small region of agreement for low densities and sensitivities which corresponds
to the random walk limit. In this case, the orientation probability outside the stability
region is dominated by perturbations of mode q = 2 (defining a non-zero distribution
at orientations θ = nπ , n ∈ N), meaning that only two angles differing by π will
survive (Fig. 9). Again, this effectively discretizes orientations in the Langevin model.
Moreover, in hexagonal LGCA there exist three pairs of antiparallel lattice directions,
further improving the agreement between the SPP and LGCA models. As was the
case with the FM potential, the trend of agreement is preserved in both topologies,
with the zigzag topology slightly increasing the differences in agreement between the
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Fig. 8 Comparison of Š LC parameter values between Langevin and LGCA models with LC alignment.
The axes indicate the values of the density ρ, and sensitivity β parameters used for each pair of simulations.
The pointed line divides the parameter space into a region where the steady state orientation p.d.f. in the
Langevin model is stable (below the curve) and unstable (above the curve). LGCA topology is zigzag (left)
and armchair (right). Three regions can be observed: A random walk limit, B stable steady state solution
to the Fokker-Planck equation describing the Langevin model, and C unstable steady state solution to the
Fokker-Planck describing the Langevin model

Fig. 9 Orientation distribution in the LC Langevin model at the end of the simulation. Parameters a ρ = 0.2,
β = 1, b ρ = 0.2, β = 3. The cell fraction indicates the number of cells with a certain orientation divided
by the total number of cells

stable and unstable regions, presumably due to enhanced transport along two possible
minimal closed trajectories in the zigzag topology, as opposed to a single one in the
armchair topology (Fig. 8).

4 Discussion
We have developed a methodology to translate off-lattice, continuous SPP models
whose cell interactions are described by a Langevin equation, into LGCA models. We
do so by using the Fokker-Planck equation associated with the Langevin equation of
the off-lattice model to obtain post-interaction node interaction probabilities defining
the LGCA model.
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In particular, we derived an LGCA model for single cell migration, and LGCA
models for collective migration, from Langevin equations with different interaction
potentials. In our example of single cell migration, the run-and-tumble model, the
diffusivity of both off- and on-lattice models is equal if the cell speed v0 is correctly
chosen. As examples of collective cell migration, two different alignment mechanisms
were studied: polar and nematic alignment. For both kinds of alignment, we have
obtained instability conditions of the single-cell, orientational steady-state probability
density function. The instability conditions match those found by Peruani et al. (2008)
for the same polar and nematic SPP models studied here. Our results show that the
origin of the instability of the macroscopic homogeneous angle distribution is rooted
in the instability of the microscopic orientation distribution. Global cell ordering is
observed to be similar in the Langevin model and in the derived LGCA model, in the
parameter region where the exponential cell orientation distribution of the Langevin
model is unstable with respect to the homogeneous local angle distribution. The reason
is that the LGCA steady state can effectively approximate the steady state solution of
the corresponding Langevin equation. Good global ordering agreement between both
models is also observed in the parameter region wherein cell behavior is approximately
similar to a random walk. We show that the lattice topology has almost no effect on
global ordering, but may have more noticeable effects on cluster formation (see Figs.
S3 and S4, supplementary material).
Obtaining discrete models equivalent to off-lattice models is of great benefit for
computational research. In off-lattice models, calculating intercellular distances is
necessary to determine the interaction partners of each individual cell. Lattice models
avoid calculating intercellular distances, as each point has a predefined interaction
neighborhood.
The region of agreement between the Langevin and LGCA models could be
expanded by addressing the approximations we have made throughout the rule derivation.
1. The interaction potentials of the continuous model as defined here do not account
for steric interactions, whereas in LGCA volume exclusion is inherent to the model.
This is reflected mainly in the dynamics of cluster formation, which are different
in both models, except for regions close to the random walk limit (see appendix).
As shown by Peruani et al. (2006), steric interactions can have an important role
in ordering. Considering such interactions in the off-lattice model should have
an impact on the agreement with the derived LGCA model. This issue could be
addressed by adding a repulsive term to the interaction potential, to simulate steric
interactions in the Langevin model, as done by Grønbech-Jensen et al. (1998) and
Weitz et al. (2015). It should be noted, however, that steric interactions in both
Langevin and LGCA models would not be completely alike: adding repulsive
terms to the interaction potential in the Langevin model would result in softcore repulsion (i.e. small cell overlapping would be tolerated), whereas in LGCA,
repulsion is hard-core (it is not possible for more than κ cells to be at each node
at a certain time).
2. We assumed that the occupation probabilities of velocity channels within a node
in LGCA are uncorrelated, i.e. the occupation of a channel in a certain node does
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not affect the occupation probability of another channel in the same node (meanfield assumption). On-node correlations could be accounted for by employing the
Ornstein-Zernike equation (Ornstein and Zernike 1914), as performed by Chauvière et al. (2012).
3. We assumed that the probabilities of velocity channel orientations are the mean
values of the probabilities in intervals of equal size. Employing other discretization
schemes, such as that proposed by Christofides et al. (1999), when calculating
velocity channel occupancy probabilities, could be useful for broadening the area
of agreement between the Langevin and LGCA models.
It is worth mentioning that we stumbled upon a particular mathematical issue which,
to our knowledge, has not yet been addressed: the effects of the lattice topology on the
model behavior in combination with periodic boundary conditions. In this work, the
choice of two different lattice topologies and periodic boundary conditions had only
subtle effects on the model behavior; however, it is at present not clear whether this
observation holds for other interaction rules and different choices of topology.
Here, we have modeled the biological noise as a Gaussian white noise. It should
be noted, however, that other types of noise can be used as well, by using a generalized Langevin equation (Wang et al. 1994), or a fractional Fokker-Planck equation
(Metzler 2000). Colored, time-correlated noise may be added to either Eq. 3a or
Eq. 3b to account for anomalous diffusion observed in certain cell lines during
single cell migration (Dieterich et al. 2008). Furthermore, anomalous diffusion spontaneously emerges when employing certain interaction potentials, even when the
angular noise is Gaussian. In particular, cells under FM alignment exhibit superdiffusive behavior, while cells under LC alignment show subdiffusive behavior (data not
shown).
We have shown that CA rules can be rigorously derived from physical equations
of motion, in an effort to encourage the construction of more physics-based LGCA
models. Not only is it possible to model single and collective cell migration with
our proposed methodology, but it can also be easily extended. One possible extension
could aid in modeling phenomena which are not mass conserving, for example systems
with cell proliferation. The method could also be extended to cover processes wherein
the cellular intrinsic speed is not constant, as suggested by Dunn and Brown (1987),
by employing multi-speed LGCA, as introduced by d’Humières et al. (1986).
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